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PREFACE. 



This Treatise on Descriptive Geometry has been prepared 
for the use of the Cadets of the Military Academy. In sub 
milting it to the public, the author prefers no claim to inven- 
tion or discovery. It has been his object to furnish a useful 
text book ; and if this end be attained, he will have no cause to 
regret his labours. 

Tiie study of tlie Mathematics, whether considered as in- 
troductory to its sister science. Mechanical Philosophy, or as 
a salutary and invigorating exercise of the mind, is equaSiy 
worthy of attention. The useful and important results to 
which it leads, the mutual dependence of its parts, and the 
concise and satisfactory reasoning in the development of its 
principles, recommend this study, as well to the practical man, 
who learns only what he can successfully apply, as to the lovei 
of science, who explores all its departments in search of new 
facts and interesting truths. 

The subject of Descriptive Geometry, which is treated of 
in these Elements, has not, as yet, been considered in this 
country as a necessary part either of a polite or practical 
education, it has been taught in the Militarj' Academy since 
1817, but has not found its way into other Seminaries with a 
rapidity at ail proportionate io its usefulness. The progress of 
!, like that of truth, is always slow ; yet it compensates for 



Hosted by 



Google 



its want of velocity in the steadiness of its advancement and 
the certainty of its success. In France, Descriptive Geometry 
is an important element of a scientific education ; it is tauglit 
in most of tlie public schools, and is considered indispensable 
to the Architect and Engineer. Its intimate connexion with 
Civil Engineering and Architecture, and the facilities which it 
affords in all graphic operations, render lis acquisition desirable 
to those who devote tiiemaelves to these pursuits. 

The author is by no means indifferent to the reception which 
tliis work may meet with from the public ; yet, he will not com- 
plain of a rigid criticism, if it shall appear that he has been 
instrumental in diffusing a knowledge of an interesting aud 
useful branch of s< 
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ELEMENTS 



DESCRIPTIVE GEOMETRY. 



§ I. TiIe object of Descriptive Geometry is twofold : first, 
to represent with accuracy all geometrical magnitudes on planes; 
and secondly, W construct all graphic frtMems involving tfiree 
dimensions, 

5 2. The representation of a geometrical magnitude on a 
plane is calied its projection, and the plane on wbicii the repre- 
sentation is made ia named tJie plane of projection. 

§ 3. In Descriptive Geometry two planes of projection are 
used, and to simplify the constructions, they are taken at rigttt 
angles to each other. 

5 4. If one plafie be taken horizontal, the other will be ver 
tical, and this position of the planes enables us to conceive 
most readily how objects are situated in space when their 
projections are known.* 

§ 5. The planes are called, respectively, tJte horizoMal plane 
of projection, and the veitical plane of projection. Their line 
of intersection, which is horizontal, is called the ground line, 
or common intersection ; and each plane is supposed to extend 
indefinitely in the direction of, and from this line of intersection. 

* Space is indefinite extension, in nliich all bcHtles are eituated. The ablO- 
lute position of bodies cannot he dctermineiJ, but tiieli relaiive positions may be, 
either by referring them to each other, or to objects whose places are assunieil 
In Deieiiptive Geometry all bodiea aie tefeired to the planes of 'fojection. 
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10 DESCRIPTIVE GEOMETRY. 

^ 6. PI. i. Fig. 1. When, therefore, a line, as AB, is assumed 
for ttie common intersection of tlie planes of projection, it is the 
intention simply to point out the line, and not to limit its ex- 
tension. 

§ 7. Let AB be the ground line, and the plane of the paper 
the horizontal plane of projection. The vertical plane passes 
through AE, and is perpendicular to the plane of the paper. 

Suppose the vertical plane of projection to be turned or 
revolved around AB as an axis, or hinge, till it coincides with 
the plane of tlie paper. Tliere are two ways in which this 
revolution can be made : first, we can so revolve the vertical 
plane, that the part which is above the horizontal plane shall 
fall in front of the ground line AB ; the part of the vertical 
plane which is below the horizontal plane will, in that case, fall 
beyond the ground line AB ; or, secondly, it can be so revolved 
that the part which is above the horizontal plane shall fall beyond 
the ground line, the part which is beneath the horizontal plane 
will then fall in front of the ground line AB, The latter 
method will be used. The part of the paper which is be- 
yond the ground line will then represent that part of the ver- 
tical plane of jirojection which is above the horizontal plane, 
and also, that part of the horizontal plane which is behind 
the vertical plane : and the part of the paper which is in front 
of the ground line will represent that part of the vertical plane 
which is below the horizontal plane, and that part of the hori- 
zontal plane which is in front of the vertical plane. 

§ 8. There are four diedral angles formed by these plimes. 
First, the angle above the horizontal, and in front of the vertical 
plane ; second, the angle above the horizontal and behind the 
vertical plane ; third, the angle behmd tlie vertLcil and bLneuth 
, the horizontal phne , fouith, the ingL beneath the horizontal, 
and in front of the vertical pline 

§ 9. Any line of a plane, about which the phne is mude to 
turn, or revolve, is called the axis of icidlution 

^ 10. In revoUmg a plane about in axis hke a door, fot 
example, on its hinges, all the points ind Imts of the pKne 
preserve their relative postltoni 



Hosted by 



Google 



tjitsr PiiiNClFi.Es. 11 

^ II. If from any point of a plane, a line be drawn per- 
pendicular to the axis, and the plane be then revolved, the 
point wii! describe the circumference of a circle — the radius 
of this circle is equal to the perpendicular let fall on the axi?, 
and the plane of the circle is perpendicular to the axis, since 
the axis is perpendicular to all the radii. If, therefore, through 
any point of a revolving plane, a plane be drawn perpendiculai 
lo the axis, the point will continue during the revolution in the 
perpendicular plane. All the points of the axis remain fixed 
during the revolution. 

§ 19. If from any point in space, a perpendicular be let fall 
on the horizontal plane, the foot of the perpendicular is the 
fmrhontal projection of the point. If, in like manner, a perpen- 
dicular be drawn to the vertical plane, the foot of the perpen- 
dicular is the vertical projection of the point. These perpen- 
diculars are called the pm/ech'ng- line.i tf the point. 

§ 13. PI. 1. Fig. 1. Let AB be the ground line, and C the 
horizontal projection of a point. Since the horizontal projec- 
tion of a point is the foot of a perpendicular passing through the 
point (12), the point of which C is the horizontal projectiffln 
is any point of the right line drawn perpendicular to the hori- 
zontal plane at C. J^t C be the vertical projection of the 
same point. That the point may answer these two conditions 
at the same time, it must be in a line perpendicular to the hori- 
zontal plane at C, and in a' line perpendicular to the vertical 
plane at C, and these lines intersect, since they pass through 
the same point. Conceive a plane to be drawn through the 
projecting lines of this point. It will be perpendicular to both 
the planes of projection, since it contains lines respectively per- 
pendicular to these planes ; it will consequently be perpen- 
dicular to their intersection, that is, to the ground line. Tliis 
plane will then intersect the planes of projection in tvx) lines at 
right angles to each other, and perpendicular to tlw ground line 
at the same point. When the vertical plane is revolved aboul 
the ground line, to coincide with the horizontal plane, the ver- 
tical projection of the point continues at its distance from the 

xis, and in a third plane pasa-.ng through the point perpendicu 
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O DESCRIPTIVE OEGMETKY. 

Itff to the axis (11) ; and after the revolution, it will be found 
in the intersection of this third plane with the horizontal plane; 
tiiaX is, in a line tfirough C perpendicular to the gi-ouTid line AB. 
Hence, when the planes of projection arc revolved to coincide, 
tke verticed and korixontal projections of a ptnnt, are in a Une 
perpendicular to the common intersection, or ground line. 

5 14. We may remark, that the distance from the vertical 
projection of a pmnt to the ground line, is equal to the dis- 
tance of the point in space from the horizontal plane, and that 
the distance from the horizontal projection to the ground line, is 
equal to the distance of the point in space from the vertical 
plane. That is, CD is equal to the height of the point above 
the horizontal plane, and CD to its distance from the vertical 
plane. 

§ 15. All points in the first and second angles are projected 
on the vertical plane above the ground line ; and all points in 
the third and fourth angles, below it. Points situated in the 
first and fourth angles are horizontally projected on that part 
of the horizontal plane whicli is in front of the vertical plane ; 
and points situated in the second and third angles are pro- 
jected on that part of the horizontal plane which is behind the 
vertical plane. 

§ 16. Let AB be the ground line, C the horizontal, and C the 
vertical projection of a point ; CD is its distance above the 
horizontal plane, and CD its distance from the vertical plane ; 
the point is then in the first angle. If C be the verlical, and 
E the horizontal projection of a point, it is situated in the second 
angle, CD is ita height above the horizontal plane, and DE its 
distance behind the vertical plane. If C" be the horizontal, 
and C the vertical projection of a point, the point is in the 
third angle, — C"D is its distance behind the vertical plane, 
and CD its distance beneath the horizontal plane. If C" be 
the horizontal projection, and E the vertical projection of a 
point, the point is situated in the fourth angle, in front of the 
vertical plane a distance equal to DC", and beneath the hori- 
zontal plane a distance equal to DE. 

§ 17 All points situated in one of the planes of projection are 



Hosted by 



Google 



FIRST' PRINCIPLES. 15 

Iftcir own pi-ojectmts on that plane, and are prtyected on the 
other plane into tJte ground line. 

§ 18. The two projections of a poifit determine its position in 
^lace. For, let C and C be the projections of a point. Erect 
at C a perpendicular to the horizontal plane, it will pass through 
the point of which C is the horizontal projection. Draw also 
at C a perpendicular to the vertical plane ; this perpendicular 
will intersect the perpendicular to the horizontal plane, before 
drawn, and their point of intersection is the position of the 
point in space. 

5 19. When it is necessary to refer to a point in space, given 
in position by its projections, instead of saying, the point whose 
horizontal projection is C and vertical projection C, we say, 
simply, the point (C, C), 

§ 20, Two lines which intersect, or are parallel, determine 
the position of a plane passing through them. If, tlien, the 
lines in which a plane intersects the planes of projection are 
known, the plane itself is given in position. It is by means 
of these lines, which are called traces, that we are enabled to 
show, on the planes of projection, the position which planes 
have with each otlier in space, 

^ 2i. The line in which a plane intersects the horizontal plane 
IS called its horizontal trace ; and the line in which it intersects 
the vertical plane, is called its vertical trace. 

§ 22. If a plane be parallel to cither of the planes of pro- 
jection, it will have but one trace, which will be on that plane 
to which it is not parallel. 

§ 23. If a plane be parallel to the ground line, and not to 
either plane of projection, it will have two traces, both of which 
"ivill be parallel to the ground line, else they would meet it, 
in which case the plane itself would meet the ground line. If 
a plane be not parallel to the ground line, it will meet it in a 
point ; this point is in the vcj'tical trace of the plane, since it 
is in the vertical plane of projection ; it is in the horizontal 
trace, since it is in the horizontal plane of projection ; and 
bence, when a plane is not parallel to the ground line, itf 
'~aces will both intersect it at tJie xai?ic point. 
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14 DESCltlFTlVE OEOSIETKY. 

§ 34. The horizontal projection of a right line is the hmn- 
zontal trace of a plane passing through tJie line and perjien- 
dicular to Hie horizonlal plane. Tlie va-lical projection of a 
right line is iJte vertical trace of a plane pas'nng Hirough Hie line 
and perpendicular to the vertical I lane T/ est, pi incs ai e t llctl 
the p I ojecttng planes of the line 

§ 2o The piojectonol d r ght Ine on e thei phni, of (.10 
jection IS rmde up tf tl e pitjeUions cf all the po nts f tl e 
line For if perpend culars be 01 av\ n from all ti e poii ts of 1 
right 1 ne to either plant, ol project )i thej will be conn ned 
m the project ng pkne oi tl at In e and Mill pierce the plane 
of projection in tie trace ot the projecting plane which con 
tains them 

5 26 The I o p o/ect ons of ah e lelcm n e i/a } osilio i in 
space 

Let NM (PI. 1. Fig. 3.) be the ground line, AB the hori- 
zontal, and A'B' the vertical projection of a right line. If a 
plane be drawn through AB perpendicular to the horizontal 
plane, it will be the projecting plane of the line, and will there- 
fore contain it. If through A'B' a plane be drawn perpen- 
dicular to the vertical plane, this plane, being the other project- 
ing plane of the line, also contains it. Hence, the line of which 
AB, A'B' ai-e the pr<ijections, is the line of intersection of these 
two planes, and since the planes are determined in position, 
their intersection is also determined. If the horizonta^ projec- 
tion only be given, the line is somewhere in a plane passing 
thrai!;^h the horizontal projection and perpendicular to the 
horizontal plane, but its position in this projecting plane is not 
determined. So, when the vertical projection only is given, 
the line may have any position in the plane passing through 
the projection and perpendicular to the vertical plane. 

§ 27. Jfa line be parallel to one of the planes of projection, 
its projection on the otlier plane is parallel to the gromid line, 
for the projecting plane of the line is parallel to that plane of 
projection to which the line is parallel, 

§ 28. Jj a line be perpendicular to one of the planes of pro- 
jection, its projection on titat plane is a point f for, the project- 
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RIGHT LINE AND PLANE- i» 

ing lines of all tha points coincide with tlie given line. Art. 
34 does not apply to this case. 

5 29. When we have occasion to refer to a line in space, 
instead of saying, the line of which AB is the horizontal, and 
A'B' the vertical projection, we say, the line (AE, A'E')- 

§ 30. The projections on the same plane of parallel lines are 
parallel: for, the projecting planes containing the given par- 
ullel lines, and being perpendicular to the same plane (34), are 
paraliei ; hence their intersections by the plane of projection 
ore also paralleL But these intersections are the projections 
of the fines (24), therefore the projections on the same plane 
of parallel lines are parallel. 

i 31. PI. 1. Fig. 3. Let AB be the horizontal, and A'E' 
the vertical trace of an oblique plane. If this plane were per- 
pendicular to the horizontal plane, and had the same horizont^ 
trace AB, the vertical trace loould pass through A, aitd be 
perpendicular to the ground line. If the plane were perpen- 
dicular to the vertical plane, and cut the ground line, its Itori- 
zontal trace would be perpendicular to die ground line. If 
the plane were perpendicular to both planes of projection, 
both its traces would be perpendicular to the ground line. A 
line situated in such a plane is not determined in position by its 
two projections (26). When we wish to designate a plane 
whose horizonlal trace is AB, and vertical trace AE', we say 
the plane (AB,AE'). 
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BEECSIFTITE OEOMETBT. 



CHAPTER n. 



Of the conventional methods of making the projections of lines 
and the traces (^planes in the different angles; Jtow the 
given and required parts are distinguished from those which 
are used merely to aid in the construction. Solution of some 
of ike principal problems on the right line and plane, 

§ 32, In every projection there is some point at which the 
eye ia supposed to be situated, and from which the projec- 
tion, or drawing, should present the same appearance as ia 
presented by the objects which it is made to represent. 

§ 33. In the projection now used, wliich ia named the Ok- 
THOGitAPiiic, or Orthogonal projection, the eye is supposed 
to be at an infinite distance from the plane on which the pro- 
jection is made, and the drawing or representation is supposed 
to be viewed from that position of the eye. 

§ 34. The position of the eye is generally taken in tne first 
angle ; hence, all objects situated within this angle can be 
seen, but objects in either of the other angles are concealed 
by the planes of projection. Lines that are given, or required, 
are made full if they can be seen, but are dotted if concealed 
by other objects or by the planes of projection, wiuxiliary 
lines, or lines used to aid in the construction of a problem, are 
always dotted. 

§ 35. The traces of given or required planes are made full 
in the first angle, unless they pass under bodies which prevent 
them from being seen, in which case they are broken. But 
when, as in Fig. 3, the horizontal trace BA is produced behind 
the vertical plane, or the vertical trace B'A is produced below 
the horizontal plane, the porta AC, AC', so produced, are made 
broken, as in the figure. The traces of auxiliary planes are 
always broken. 
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RIGHT IINE AND PLANE. I' 

§ 36. Riglit lines and pknes are indefiuite ; and the projec- 
tions and traces which are made in the figures, are only the 
parls Intercepted between given points. 

PROBLEM I. 

A right line being given by its projections, it is required to de- 
termine the points in whicJi it pierces tlie planes of jn-yection. 

5 37. PI. 1. Fig. 4. Let CF be the ground line, AB the hori- 
zontal, and A'B' the vertical projection of tJie given line. 

Produce the horizontal projection 'AB till it intersects the 
ground line at D. At the point D, erect in the vertical plane 
the perpendicular DD'. to the ground line — DD' is the verti- 
cal trace of the plane which projects the line on the horizontal 
plane. Produce the vertical projection of the line till it inter- 
sects the perpendicular at D', and this point of intersection is 
the point at which the line pierces the vertical plane. To find 
the point at which it pierces the horizontal plane, produce the 
vertical projection till it Intersects the ground line at C. Front 
this point, draw in the horizontal plane the peipendicular CC 
to the ground line — CC is the horizontal trace of the plane 
which projects the given line on the vertical plane ; the point 
C, in which it intersects the horizontal projection of the Sine 
produced, is the point at which the line pierces tiie horizontal 
plane. 

First, to prove that the line pierces the vertical plane at D" 
Every line of a plane pierces the planes of projection in the 
traces of the plane. The given line must then pierce the ver- 
tical pliine somewhere in the line (^^B', the vertical trace of 
the pliine which projects it on the vertical plane, and some- 
where in the line DD', the vertical trace of the plane which 
projects it on the horizontal plane ; hence, the iifie pierces 
the vertical plane at D', their point of intersection. For the 
same reasons it follows, that the line must pierce the horizon- 
tal plane in CC, the horizontal trace of the plane which pro- 
jects the line on the vertical plane, and in BC, the trace of 
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the plane which projects the hne on the horizoiitai [ijane — 
hence it pierces it at C, tiicir point of intersection. The poini 
D' is aljove the horizontal plane the distance DC, and tlip 
point C is behind the vertical plane the distance CC'. 

PROBLEM n. 

To find the length of a line joining any two points in y.puce^ 
given hy their projections. 

53S PI 2 li„ 1 La{\ \) ml(B]'J b tl gi^en 
} oints 

II a line piss tlirongh a point m space the projectiona oi 
the line will pa«s thi-ough the projections of the point there 
loie AB IS the hMizontai and AB the veiticdl pr jeclion of 
the hue joining the given piints 

Re-iolve the phne which piojects thf hne on the horuont il 
plane aronnl its horizontal tiace tili it coincides wi'h thi 
horizontal plane of projection The | omt (4 A ) ^^ ill fall in a 
Imu drawn through A peipendicukr to AB (11) and at a di 
tance fiom A equal to its height above the horizontal phnc 
The pc int (B B ) aho i ills in i perpendicular to the ti ice AB 
and at a d stance fiom the point B e-|ual to its height abo^e 
he hjuzontal plane Hi>ingmide AD ^nd BC re pectively 
equal to the heights of the points above ttio horizontal plane, 
draw DC, which will be the length of the line sought. The 
point F, in which the line joining the points pierces the hori- 
zontal plane, being in the axis, remains fixed during the revo- 
iution ; the line CD produced should, therefore, pa^s through iJiis 
point. A similar construction might be made on the vertico! 
plane. 

§ 39. We may here remark, that the projection of a Um, 
on eitlier flane is less than the line itself, unless the line he 
■parallel to ilu: plane on which it is priyected. For, if througii 
D a line DC be drawn parallel to AB, it will be less than 
DC, the length of the given line, and equal to AB, its pro- 
jection on the horizontal plane ; and the same riiiiy be shown 
when it is projected on the vertical plane. 



Hosted by 



Google 



02^, 



.X^, 



@&i! 



■D T> 





, Google 



Hosted by 



Google 



RIGHT LINE AND PLANE. 19 

Since the angle formed by a line and plane is measured by 
iiie angle included between the line and its projection on the 
plane, the angle CFB, or its equal CDC'j is equal to the angle 
which the line (AB, ATJ') makes with the horizontal plane. 
Hence, if a right-angled triangle be cansti-vcied, having the 
angle at die base equal to the angle icliich tlte line makes with 
the plane, Vie hypot/ienuse imll be to iJie base, as the length of 
the line io the length of its projection. We also conclude, that 
(he lengUi of a line is equal to the hypotkenuse of a triangle 
whose base is the projection of tlie line, and wliose perpendicular 
is equal to t}ie difference between tke perpendicular.'! let fall from 
'Jie two extremities of (Ae line, on Vie plane of projection. 

§ 40. If a line be parallel to a plane, its projection on such 
plane will evidently be equal to tlte line itself: for the line, its 
projection, and the two projecting perpendiculars through its 
extremities form a rectangle, of which the line and its projection 
are opposite sides. 

§ 41. The length of the line may also be determined from 
its projections, thus : Revolve the plane which projects the line 
on the hoi'izontal plane, about the perpendicular to the hori- 
zontal plane at A, till it becomes parallel to the vertical plane : 
tho line from this position will be projected on the vertical 
plane in its true length (40). In this revolution, all the points 
'.if the projecting plane describe, about the vertical axis, arcs 
of horizontal circles. The foot of the perpendicular to the 
horizontal plane at B describes the arc EG, on the horizontal 
plane, about A as a centre. Project the point G into the ver- 
tical plane, and erect at I the perpendicular IH to the ground 
line ; IH will be the vertical projection, from its revolved posi- 
lion, of the perpendicular to the horizontal plane at B. ■ But 
111 tho revolution the point (B,B') neither approaches to, nor 
recedes from, the horizontal plane; its vertical projection 
must then be always found In a parallel to the ground line 
tiirough B'. This parallel intersects the perpendicular III at 
H; H is then the vertical projection of the point {B,B') from 
the position which it has when the projecting plane of the line 
is revolved parullei to (he vertical plane. The point (A, A') re 
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mains fixed, being in the axis, and A'H is the vertical projection 
of the given line liom its reiolved position. This line is evi- 
dently equul to CD. 



PROBLEM in. 

To pass a plane through three points in space, given by thea- 
projectiorss ; the points not being in the sa»ie right line. 

§ 4% Pl. 2. Fig. 3. A plane can always be passed through 
three points, and this condition determines its position. 

For, conceive two of the points to be joined by a right line, 
and through this line let any plane be drawn. Let the plane 
be revolved about this line until \i embraces the third point ; if 
the plane be revolved either way from this position, it will no 
longer contain the third point ; hence, there is but one position 
in which it will pass through the three given points ; or, in othei' 
words, only one plane can be drawn through tliree points. 

Let FH be the ground line, (A,A'), (B,B'), (C.C) the given 
points. 

Conceive the points to be joined by the right lines (AB, A B'), 
(AC, A'C), (BC, E'C'), the projections of these lines will pass 
through the projections of the points respectively. Since these 
hijes are lines of the required plane, the points in which they 
pierce the planes of projection ore points of the traces of the 
required plane. Therefore, the point E, ui which the line 
{AB, A'E') pierces the vertical plane, is one point of llie ver- 
tical trace ; and the point D, in which the line (AC, A'C) 
pierces the vertical plane, is a second point of the vertical 
trace-; hence, DEF is the vertical trace of the required plane 
The line (BC, B'C) pierces the horizontal plane at G, which 
IS a point of the horizontal trace, and F is another point (23), 
• herefore, GF is the horizontal trace of the required plane, and 
(FG, FD) is the plane containing the three given points. The 
point I, in which the line (BC, B'C) pierces the vertical plane, 
is also a point of the vertical trace, and should be found in 
order to verify the constrnction. The points in which the 
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lines (AB, A'B'), (AC, A'C) pierce the horizontal plan^ are 
points of the horizontal trace, and will be found in the trace 
FG, if the construction be correctly made. 



PROBLEM IV. 

Having given one projection of a point of an oblique plane, it is 
required to find tJie otJier projection, and tJw postlion of the 
point after the plane shall have been revoloed to coincide vrdh 
either plane of projection. 

^ 43. PL 2. Fig. 3. Let AB be the ground line, (AE, AD') 
she given plane, and C tlie horizontal projection of tiie point. 

Erect at C a perpendicular to the horizontal plane ; the point 
sa which this perpeadicular pierces the oblique plane is the 
only point of that plane which is horizontally projected at C, 
Through the point in which the line pierces the oblique plane 
conceive a line to be drawn parallel to its btjrizontal trace. 
This parallel is a line of the oblique plane, is parallel to the 
horizontal plane, and its horizontal projection CD passes 
ihrougli C and is parallel to AE, the horizontal fraee of the 
oblique plane (30), 

Let JSiy be drawn in the vertical plane, perpendicular to 
she ground line AB; the point D', in wliich it intersects the 
vertical trace of the oblique plane, is the point in which the line 
drawn parallel to the horizontal trace pierces the vertical plane, 
since it niust pierce the vertical plane in the trace AD', and 
»lso in DD', the vertical trace of its projecling plane (37), 
The lino D'C, drawn through D' parallel to the ground bne, 
IS the vertical projection of the line of which CD is tlie hori- 
zontal projection (27). The vertical projection of the required 
point is in the line CD , it is also in the perpendicular from C 
to the ground line (13) ; hence it is at C, their point of inter- 
section. If the vertical projection were given, the horizontal 
projection could be determined by a similar construction. 

Let the oblique plane be revolved around AE till it coin 
ides with the horizontal plane. The point ((XC ) will iidj in 
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the trace of a plane drawn through it perpend icul sir to the asis 
AE (1 1), and at a distance from the point E equal to the 
hypothenuse of a triangle whose base is EC, and altitude the 
height of the point above the horizontal plane. Making CF 
on the line CD, equal to this altitude, and joining E and I', 
gives EF for tiiia hypothenuse. With E as a centre, an,l 
radius EF, describe a sennicircle, and the poiiiis F', F", in 
which it intersects the trace F'F', are the points sought, if 
the plane be revolved towards tlie vertical plane, the point 
(C.C) falls at P ; if from the vertical plane, at F'. A similar 
construction would determine the position of the point (C.C) 
should the plane be revolved about its vertical trace to c<jin~ 
cide with the vertical plane. 

PROBLEM V, 

To show how tioo hues which intersect in space are situated in 
projection ; and secondly, to fmd the angie which Hieij maks 
with each other. 

§ 44 PI 3 Fi'' i Lpt ^'JB' l>£i the "round line AC ■ 
BC tic 1 rz til anl C B (_ ti vertical project o oi 
tic I nes 

\ the po nt ot ter ec s co n n to tl e t o 1 nes ts 

h r tal and vertical projerl ona w H be f «nd n the 1 or 
zont 1 ai d vert cai project ns of tach of tl e 1 net. Tl e po nP 
C, in which their horizontal projections intersect, is, conse- 
quently, the horizontal projection of the point in which the lines 
intersect, and the point C, in which their vertical projections 
intersect, is the vertical projection of the same point. The 
points C and C, being the projections of the same point, an; 
contained in the same peipendicular to the ground line (13). 
If, therefore, two lines intersect in space, the pmnts in which 
their pre^ectifms intersect tvili be contairied in a perpendicvlai 
to the ground line. 

Secondly, to find the angle which the lines make wiih eacl. 
other 
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The two lines intersecting, a plane can be drawn containing 
them. If this plane be revolved about its horizontal trace till 
it coincides with the horizontal plane, or about its vertical trace 
till it coincides with the vertical plane, in either cf the revolu- 
tions the lines will not change their relative positions ; hence, 
the angle which they malce in space is equal to the angle they 
will make after the revt^ytion. 

Tiie lines pierce the horizontal plane at A and B ; hence, AB 
is the horizontal trace of their plane. Through the point C 
draw CD perpendicular to the trace AB. This line is the 
isorizontal trace of a plane passing through the point (C,C') 
and perpendicuiar to AB. When the plane of the two lines 
is revolved about its horizontal trace to coincide with the 
horizontal plane, their point of intersection falls at C", a dis- 
tance from D equal to C'G, the hypothenuse of a triangle 
wliose perpendicular FC is equal to the height of the point 
(C,C') above the horizontal plane, and whose base FG is equal 
to CD, the distance of its horizontal projection from the 
axis (I I). But A and B, being in the axis, remain fixed ; there- 
fore, AC" and BC" are tlie lines in their revolved position, and 
AC'B is the angle included between them. A similar con- 
struction would determine the angle on the vertical plane ; it 
would only be necessary to revolve the plane if the lines around 
its vertical trace till it coincided with (hat plane. 

PROBLEM VI. 

Two iMvpte planes being given hy their traces, it is reqaired to 
find tlie two prt^ections of their line of intersection. 

§ 45. PI. 3. Fig. 3. Let AB be the ground line, and (AC 
A D), (BC, BD) the given planes. 

Since the line of intersection is a line of the plane (AC, AD), 
r! niuSt pierce the horizontal plane in the trace AC, and the 
vertical plane in the trace AD. As the line of intersection is 
IsD a line of the plane (BC, BD), it will pierce the horizontaV 
litine in the trace BC. and iho vertical p.ano in the trace B.I>. 
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Hence, the intersection of the two planes pierces the horizonta. 
plane at C, the point in which their horizontal traces intersect, 
and tiie vertical plane at D, the point in which their vertica! 
traces intersect. We have, then, only to find the projections of 
this line. The point C is its own projection, on the horizontal 
plane (17), and the point D, being in the vertical plane, is hori- 
zontally projected in the ground line at D (17); therefore, CD' 
is the horizontal projection of the intersection. Projecting C 
into the vertical plane at C, determines CD, the vertical pro- 
jection of the intersection. 

PROBLEM VII. 

To find the angles included between an obhqiic jdane and ine 
planes of projection. 

§ 46. PI. 3. Fig. 3. Let AD be the ground line, and (AD, 
AC) the given plane. 

If a plane be drawn perpendicular to the horizontal trace 
of the oblique plane at any point, it wiil bo perpendicular to the 
horizontal plane, and to the oblique plane ; and will c 
intersect these planes in lines perpendicular to their c 
intersection at the same point. The angle included between 
these lines is equal to the angle contained by the planes. 

Let DC, drawn perpendicular to AD, be the horizontal tn:i;e 
of such a plane. As this plane is perpendicular to the Iiori- 
zontal plane, its vertical trace C'C is perpendicular to the 
ground line at C. Let this plane be revolved around DC 
till it coincides with the horizontal plane ; the point C falls at 
C", in a perpendicular to DC, and at a distance from C equid 
to C'C, its height above the ground line. Draw DC", and it 
will be the intersection of the oblique and peipendicular planes, 
in its revolved position, and the angle CDC" is equal to the 
angle which the oblique plane makes with the horizontal plane. 

^ 47. If the perpendicular plane be revolved about its ver- 
tical trace CC, til! it coincides with the vertical plane, the pqinl 
D will describe, in the liorizontal plane, the arc DD' about C 
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an a centre, and wil! fall at D' ; CD' will be the revolved posi- 
Eion of the line oi' intersection of the perpendicular and oblique 
[ilanes, and CD' the revolved position of tlie intersection of 
the perpendicular and horizontal planes; hence, CD'C is 
equal to the angle which the oblique plane makes with the 
horizontal plane. This angle is evidently equal to the angle 
CDC". The angle which the plane makes with the vertical 
[jlane, is found by a construction similar fo either of those 
just given. 

PROBLEM Vin. 

A plane being given by its traces, and a line not parallel to the 
plane by its projections, it is required to find the point in 
which (fte line pierces tlie plane. 

§48 Pi 3 Fig 4 I a AB be the ^loiin 1 hne ( VI' \P ) 
the given plane and (EC EC) thp men Inp 

It ant/ pline be drawn through the hne it wdl int(,r=-ect the 
given phne in a right hne this line will contain tlip po nt m 
which the given line pieices the given phne The point in 
which the given line meets this line of mterspftion i theie 
ioie the point sought Let the plane which piojects the lint 
on tilt horuonta! plane be the one dtiwn throui;h it I his 
plane intersects the oblique phne in a hne vihich pieicLs the 
hoiizontal plane at a ind the \erticdi plane it D (iS) int' 
iD n lis vertical piojectmn Bat since this line of inlerset 
ion and the given line mterspct in spice the inlersertion / 
f their vertici! piojection? is the vt-rticdt projection of their 
iieisection (44) p is theicfort, the verticd! proj ction of tht 
wint m which the line pieices the plan" and p k its lori 
zontal piojecticn since the horizontal projeclun i? m the hen 
70 itdl piojection ol the line an 1 in i -jx rpendicular t > the 
ground 1 nc throu„n p 

The point p might be ft und without dcmitting tht, peijpii 
dicular to the ground line h'om p'. I'or the plane which pro. 
jects the gi'ien line (EC, E'C) on the vertical plane, intersects 
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file obii,,uo plune (AD, AD') in a line of which Db' is the hori- 
zontal projection, and the point p, in which Tib' intersects the 
horizontal projection of the given line, is the horizontal projec- 
tion of the required point. 



PROPOSITION IX. THEOREM. 

(/" a line be perpendicular to an iMique plane, tlie projections 
of tJie line are respectively perpendicular to the traces of tlUi 
plane ; iliat is, the horizontal projection to the horizontal trace, 
anil tiie verticil projection to Hie vertical trace, 

§ 49. For, the plane which projects the line on the horizontal 
plane is perpendicular to the oljlique plane, since it contains a 
line perpendicular to it ; it is also perpendicular to the horizontal 
plane, and is therefore perpendicular to their intersection, that 
is, to the horizontal trace of the oblique plane. Since the 
horizontal trace of the oblique plane is perpendicular to the 
projecting plane of the given line, it will be perpendicular to 
its horizontal trace, that is, to the horizontal projection of llie 
§iven line (24). It may be shown, in a simitar manner, that the 
vertical projection of the line is perpendicular to the vertical 
trace of ttie obiique plane. 

^ 50, The converse of this proposition is also true, that is, if 
tJte projections of a line are respectively perpendicular to the 
traces of a plane, the line in space is perpendicular to the plane. 
For, the projecting planes of the line will be respectively per- 
pendicular to the traces of the oblique plane, and therefore 
perpendicular to the oblique plane ; hence, their Intersection, 
which is the line, will be perpendicular to the oblique plane. 

§ 51. If two lines are perpendicular to each other, and are 
projected on a plane to which one of them is parallel, their 
projections imll also be at right angles. For, through the line 
which is parallel to tlie plane on which the projection is made, 
conceive a plane to be drawn perpendicular to the other line ; 
its trace will be parallel to the line through which the plane is 
dravra, since the line is parallel to the plane of projection. But 
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the projecnoTi of the line through which the plane is passed 
wil! be parali"! to tlie fiace of the plane, since they are paraliel 
in space ; and as the projection of the other line is perpen 
iJicular to the tricu (49), it will be pcipendicular to any line 
parallel to the tiacc, ant] consequently to the projection of 
the line tlaough which the plane is diawn 



TROBLEM X. 

To draw from a given point a line perpendicular to a gwen 
plmie ; to find t/ie point in which it pierces the plane, and 
tJte lengili of tlie perpendicular. 

§ 5% Pi. 4. Fig. 1. Let AB be the ground line, (D, D') the 
given point, and (AC, AC) the given plane. 

The horizontal projection of the line must pass through D, 
and be perpendicular to AC, since the line is perpendicular to 
the plane (AC, AC) (49). The vertical projection must pass 
through D' and be perpendicular to AC. The lines DF and 
D'F' drawn through D and IV, respectively perpendicular to 
the traces AC, AC, are the projections of the perpendicular 
sought. Having determined the projections of the line, the 
point (F,F) in which it pierces the plane (AC, AC) is found 
as in Prob. 8. The length D"F" of the perpendicular is found 
as in Prob. 2. To find the shortest distance between a point 
and plane, we have only to draw a perpendicular to the plane 
and find its length. 



PROBLEM XI. 

To draw through a givei point a p!ane perpendicular to a 
given line. 

§53. PI. 4. Fig. '2. LetA'R be the giound line, (AD.A'D') 
tiie given line, and (E,E') the given point. 
As the required phne is to be perpendicular to the line, the 
ncea of the pUine must be respectively perpendicular to its 
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projections (49) ; we know then the directions of the traces of 
the required plane. But the plane is to pass through t!ie point 
(E,E'). Therefore, through the point (E,E') conceive a iiiie to 
l>e drawn parallel to the horizontal trace of the required plane. 
This line will be horizontal, and also a line of the required 
plane. Its horizontal projection passes through E, and is per- 
pendicular to AD, for the line in space being parallel to the 
horizontal trace of the required plane, its horiiontal projection 
is parallel to this trace (30) ; that is, perpendicular to AI>. The 
line, therefore, drawn through E, perpendicular to AD, is the 
horizontal projection of the line through (£,£*), the vertical 
projection of which passes through E' and is parallel to the 
ground line. This line pierces the vertical plane ut F, wliich iri 
a point of the vertical trace of the required plane. Throiiy:ii 
this point draw C'PR perpendicular to A'D; and it will be the 
vertical trace of the required plane. Through the point R, in 
which this trace intersects the ground line, draw RC per- 
pendicular to AD, and it will be the horizontal trace of the 
required plane. If through the point {E,E') a line were drawn 
paiallel to the vertical trace of the required plane, it would 
pierce the horizontal plane at G, which is a point of the hori- 
zontal trace of the required plane : this point will fall in the line 
RC as before drawn, if the construction he correct. 



PliOBLEM Xn. 

To find the shortest distance between apotnt and line gnxn by 
their projections. 

§ 54. The length of the perpendicular from the pointto the 
hue is the distance sought. This perpendicular is conta::ied 
ni a plane passing through the point and perpendicular to the 
line. If, then, a plane be drawn through the point and perpen- 
dicular to the line (53), and the point in which it cuts the line 
be detennined (53), tiic distance betweer vhis point and the 
given point is the distance required. 

^ 55, The problem can be solved otherwise, thus. Draw 



Hosted by 



Google 



BIGHT LIKE A^D PLANE. 29 

a plane through the right line and point. Let this plane be 
revolved about its horizontal trace till it coincides with the 
hoi'izontal plane, or about its vertical trace till it coincides will) 
the vertical plane. Find the position of the point and line after 
either of these revolutions, and draw through the point thus 
revolved a perpendicular to tlie revolved line. This will be 
the true length of the perpendicular sought, since the point and 
line do not change liieir relative position in the revolution of 
their plane. 

PL 4. Fig. 3. Let A'B be the ground line, (AC, A'C) 
the given line, and {L>,D') the given point. 

First, to draw a plane through the point and line. Through 
the point (D,D'} draw a line parallel to (AC, A'C), its two 
projections are respeciivety parallel to AC, A'C, and it pierces 
the horizontal plane at F. The given line pierces the hori- 
zontal plane at A, therefore AFO is the hoi-izontal trace of a 
plane passing through the two parallels, which plane contains 
the given point and line. Let this plane be revolved about 
i!s horizontal trace AO till it coincides with the horizonta! 
plane. The point (D,D') fails at D", in a perpendicular 
drawn through D to the trace AO (II), and at a distance 
from the point equal to D'B, the iiypothenuse of a triangle 
whose perpendicular DT is equal to the height of the point 
above the horizonta! plane, and base PB equal to DO, Ihs 
distance of the horizontal projection of the point fj-om the 
axis. As F remains fixed, being in the axis, FD" is the revolved 
position of the parallel line. But lines in the same plane, 
which are parallel before revolution, are parallel after (10). 
Draw, therefore, through A the line AM" parallel to FD", and 
we have AM" for the position of the given line revolved on the 
horizontal plane. Through D" draw D"M" perpendicular to 
AM", and it will be the perpendicular required. Makmg a 
counter revolution, or brining the plane back to its first posi- 
tion, the point D" will be horizontally projected at D, and the 
point M" at M, since the point M" revolves in a plane perpen- 
dicular to AO, and must, after the counter revolution is com- 
pleted, be hoiizontally projected in the line AC. The veriical 
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jirojection of ihe point of which M is the liorizontal, is in a 
perpendicular to the ground line through M, and also in the Hno 
A'C ; hence it is at M' their point of intersection. The Sine DM 
is then the horizontal, and D'M' the vertical projection of the per- 
pendicular, and M"D" is its true length. The plane might have 
been drawn through tiie point and line by joining the given 
point and any point of the lino, and drawing a plane through 
this and the given line. 



PROBLEM XIII. 
To measure the angle between iuxt oblique planes. 

§ 55. The angle between two planes is measured by the 
angle included between two lines, one in each plane, and both 
perpendicular to the common intersection at the same point. 
If a plane be drawn perpendicsslar to the common intersection 
of the two planes, at any point, it will intersect the planes in 
lines perpeiidicular to the common intersection, and when the 
angle between these two lines is determined, the angle between 
the planes will be known. 

VI. 4. Fig. 4. Let IIP be the ground line, and (HC, IIC) 
(AC, AC') the given planes. 

The intersection of these planes pierces the horizontal plane 
at C, and the vertical plane at C, and CD is its horizontal 
pi-ojection. If we suppose a plane drawn perpendicular to this 
intersection, its horizontal trace will be perpendicular to CD, 
the horizontal projection of the intersection (49). Let FG, 
perpendicular to CD, be the horizontal trace of such a plane, 
The lines in which this plane intersects the oblique planes, 
pierce the horizontal plane at F and G ; and these two lines, 
together with FG, form a triangle of which FG is the base. 
The vertical angle of this triangle is equal to the angle included 
between the planes, and the vertex of this angle lies in their 
line of intersection. It is, then, only necessary to find ihis 
■jingle. The line joining the point N, and the vertex of the 
vertical angle of the triangle, is perpendicular to the common 



Hosted by 



Google 



intersection of the rblijUL, plane sn e it is co.itajn€;l in a 
phne [ eipendicular to tlii? inttr'ict ti )n ; it is also perpeii- 
(iiCLilai to F& since FG ta pLippndicular to the projecting 
plane oi the inter'^ection of ihb oblique planes, and this pro- 
jecting plane contains the hue drawn from N. The length of 
this line lb thereloie the shoitebt di tance from the angular 
point to the line FG, and it this len^^th were known, by revolv- 
ing the plane of the tnangit, ibout F& as an axis, till it coin- 
cides with tin. horizontal plane we could determine the posi- 
tion of ihe ingnlar point, and c in eqiiently, the magnitude of 
the angle 

To find the length ot this line let the plane wiiir:h projects 
the inlei section of the oblique planes on the horiKontal plane, 
be ie\ohed irounl its horizont-il tnce CD, till it coincides 
with tliP hoiizontil flan*. The point ( falls at C", and as C 
remains fi\ed CO i? the revoHed position of the intersection. 
But the rcquiied line ftom N w is peipendicular to the inter' 
section before ind consequpntlv will be perpendicular to it 
after the revolution. If, therefore, NI" be drawn perpendiculai 
to CC", it will be equal to the distance of the rertes of the 
vertical angle of the triangle from the base FG. Let now the 
plane of the triangle be revolved about its base FG, till it coin- 
cides with the horizontal plane. The vertex of the vertical 
angle falls in DC (1!), and at a distance from N, equal to NT' 
(LI); it falls therefore at I', But since Fand G remain (ixed, 
being in the axis, draw Fi' and Gl', and FI'G is equal to the 
angle included between the oblique planes. 

If from I" we draw I"0 perpendicular to CD, the point O is 
the horizontal projection of the angulai' point ; and by joining 
it with F and G, we obtain the horizontal projection of the 
angle FI'G. 

The line NI" can be found by another construction. Let 
the plane which projects the intersection of the oblique planes 
on the horizontal plane, be revolved about its vertical trace 
DC, I.J1 it coincides with the vertical plane. The points C 
and N describe arcs of circles in the horizontal plane, around 
D as a centre, and fall at P and N' ; hence, C' P is the revolved 
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position of the intersection of the oblique planes. From Hi', 
let N'l be drawn perpendicular to C'P ; it is evidently equal 
to the line drawn from N, perpendicular to the intersection of 
the oblique planes. With N' as a centre, and radius N'l, 
let the arc IB be described ; then, with D as a centre, and 
radius DB, let the arc BI' be described ; the point 1', in which 
(his arc intersects I>C, is the position of the angular point of 
(he triangle, when its plane is revolved into the horizontal 
plane. The radius N'l is evidently equal to NI', and also to NI". 



PROBLEM XIV. 
2b Jind the angle which a line makes with a plane. 

§ 57. The angle which a line makes with a plane, is the angle 
which the line makes with its projection on the plane. If from 
any point of the line, a perpendicular be drawn to the plane, 
the foot of the perpendicular is one point of the projection 
of the line on the plane. If the given line be produced till it 
meets the plane, the point of meeting will be another point of 
the projection of the line. Conceive the projection to be 
drawn. The given line, the perpendicular to the plane, and 
the projection of the line on the plane, form a right-angled 
triangle, and calling the projection of the line the base, the angle 
at the base is the angle sought ; this angle is readily found when 
the vertical angle is known. 

PL 5. Fig. I. Let AB' be the ground line, (AC, AC) the 
given plane, and {BD, B'D') the given line. 

From any point of the given line, as {D,D'), let a line be 
drawn perpendicular to the given plane ; its projections will pass 
through the points D, and I>', and be respectively perpendicular 
to the truces AC, AC (49) — DE is the horizontal, and D'E' the 
vertical projection of this perpendicular. We will now find 
the angle between this perpendicular and the given line, and 
then between the given line and the plane. The perpendicular 
pierces the honKontal plane at E, and the given line pierces 
it at B : therefore, BEG is the horizontal trace of their plane. 
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RIGHT LINE AND PLA.VE. 33 

Let thia plane be revolved about BG till it coincides ■with the 
horizootal plane. The point (D,D') ffi'is at D", and the points 
E and B remain fixed ; tlierefore, BD"E is equal to the angle 
included between the lines, Froua E, draw EF perpendicu- 
lar to ED", and EFD" will be equal to the angle which the 
line (DB, D'B') maies with the plane (AC, AC). 



PROBLEM XV. 

To pass a plane through a given line, and parallel to another 
gicen line. 

5 53. If through any point of the line, through which the 
plane is to be passed, a tine he drawn parallel to the other 
line, the plane drawn through these two lines ■will be the plane 
required. 

P]. 5. I^g. 2. Let AB he the ground line, {DE, D'E') the 
line through which the plane is to be drawn, and (NC, N'C) the 
line to which it is to be parallel. 

From any point, as (D,D'), of the line through which the 
plane is to be drawn, conceive a parallel to be drawn to (NC, 
N'C'} ; its projections DI, DT are respectively parallel to CN, 
C'N', and the point I', in which this parallel pierces the vertical 
plane, is a point of the vertical trace of the required plane. 
The point E' is a second point of this trace ; hence E'I'A is the 
vertical trace, and AD the horizontal trace of the plane con- 
taining (DE, D'E'), and parallel to (NC, N'C). 

§ 59. if the point A, in which the vertical trace meets the 
ground line, were not on the paper, a point of the horizontal 
trace might be found thus: through any point of the line (DE, 
D'E'), as (F,F), conceive a line to be drawn parallel to the 
vertical ti-ace E'l' — its vertical projection will be parallel to 
this trace, and its horizontal projection FQ parallel to the 
ground line (97). This line will pierce the horizontal plane at 
Q, which is therefore a point of the horizontal trace ; the trace 
can then be drawn through D and Q. 
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PROBLEM XVJ. 



R I! required iojmd tlte shortest distance between two lines, nol 
in the scane plane; or, to draw a ine that slmll be peipen- 
dictdar to them hot!!. 

§ 60. If a piano be drawn through o I p i ! [ rillcl to 
the other, tlie shortest distance betweea tl s p i e a d the 1 na 
to wh ch it 19 panlLl Mill be equal to the i atance bO ight 

If the hne to which the phne is duwn parallel be pro 
jecte 1 on thf pii ^lul phne the project ng pe j en 1 culars of 
its diftbrent points n 11 be equ 1 to e ch oti e ad eq lal also 
to the sho t st distance bet vecn tl t ^ 1 e'! But s nee the 
line IS parallel to the phi e ts p ]cct o ] on the phne is 
parallel to ita If ai d is tl e g len 1 nes ire not panlkl this 
projection will mteisect the Ine thiough wich tl p-uallei 
plane a drawn Tl e projecting pe pen hculir ubicJt passet 
through thti point of mtersectton is perpendtcvla to the two 
given lines and is therejo e tlie I ne sougJit 

Pi. 5. Fig. 3. Let AB' be the groiind line, (DG, !>'&') one 
of the given lines, and {CB, C'B') the other. 

Through the line (DG, D'G') let a plane be drawn parallel 
to (BC, B'C) ; AD and AG' are its traces. 

It is now required to project the line (CB, CB') on this plane. 
From any point of the line, as (C,C'),draw a perpendicular to 
the plane (52) ; this perpendicular pierces the plane in the 
poiqt (F,F) ; and this is one point of ihe projection of the line 
on the parallel plane (AB, AG'). But since the trace of the 
projecting plane on the parallel plane and the line (CB, CB') 
are parallel, their projections are parallel (30) ; therefore FO, 
drawn parallel to CB, is the horizontal projection of this trace. 
But, as this trace and the line (DG, D'C) intersect, the point 
O, in which their horizontal projections intersect, is the hori- 
zontal projection of their point of intersection, and O' is the 
vertical projection of the same point. li at the point (0,0') 
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a perpend iculai- be drawn to the parallel plane (AD, AG'), il 
will be contained in the plane which projects the line (CB, C'B') 
on the plane, and will consequently intersect the line (CB, C'B') 
Tins perpendicular to the oblique plane at (0,0') is perpen- 
dicular to, and intersects, both of the given lines ; and ita 
projections OP, OT' are respectively perpendicular to the 
traces of the ob ique plane (AD, AG'), The length of the line 
(OP. O'P') Ciin be found as in Prob. 2. 

§ 61. The solutions of the foregoing problems may be varied, 
by changing the positions of the given parts ; and in some cases, 
the constructions will be quite different from tiiose which liavo 
been given. 

All the principles necessary to solve any problem involvihg 
the right line and plane, have, however, been developed, 
and the student who would be skilful in the application of 
these principles, must apply ihem to a great variety of cases. 
A few examples are given, to show how the data of the problems 
may be varied, and to lead the student to propose cases to 
himself. 

1°. In Problem III. let the points be so situated that a lino 
joining two of them shall be parallel to the ground line. 

2". In Problem IV. let the oblique plane be parallel to the 
ground line. 

3". In Problem V. suppose one of the lines to he parallel to 
the ground line. 

4°. In Problem VI. let the planes be parallel to the ground 
line. 

5\ In Prohiem VIII. suppose the line parallel to tht ground 
line, 

Q'\ In Problem X. let the plane be taken parallel to the grou nd 
line. 

7^. in Problem XII. suppose the line parallel to llie horizonta. 
plane. 

8°. In Problem XIII. let the planes be parallel to the ground 

9°. In Probli?m XIV. siippose the plane to iie oaralie) to ilia 
ground line. 
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10". In Problem XV. let the line through which the plane is 
drawn be parallel to the ground line. 

li°. In Problem XVI, suppose one of the lines to be parallel 
to the ground line. 

12°. Let it be required to draw a plane through a given point, 
end parailslto a given plane. 



CHAPTER in 

OP LIKES ANIJ THEIR 

§ 62. For the purposes of Descriptive Geometry, lines may 
De divided into three classes. 

1°. The right line, which does not change its direction be- 
tween any of its points, 

2'^. Curved lines whose points are in the same plane, which 
are called curves of single curvature. 

3°. Curved lines whose points are not in the same pkne, 
which are called curves of double curvature. 

^ 63. Lines may be generated by the motion of points : the 
conditions which govern this motion fix their different posi- 
tions, and determine the class to which the lines generated 

PI. 6. Fig. 1. Suppose, for example, that a point should 
move from C, with the conditions of continuing in the plane of 
the paper, and at the same distance from the line AB ; it would 
evidently generate a right line, passing through C, and parallel 
toAB. 

PI, 6. Fig. 2. If a point move from B, with the conditions 
that it shall not depart from the plane of the paper, and be 
constantly at the same distance from a fixed point A, it will 
generate the circumference of a circle, a curve of single cur- 
vature. If the point were subjected to the first condition only 
it would still generate a curve of single curvature, unless the 
point were to move in a right line. If the point B wci-e sub 
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LINES ANI» THEIK TANGENTS. ."il 

Jected 10 the second condition, to the exclusion of the first, it 
would generate a curve of double curvature, wliich would lie 
on the surface of a sphere whose centre is A, and radius AB, 
Other curves, both of single and double curvature, maybe gene- 
rated, by changrng the conditions which fis the diffcreiit posi- 
tions of the generating point. The generating point is called 
the generatrix of tfie line.'* 



> Note.— If two points Aanil B (PI. S. Fig. 6) be taken in the plane ofthe papo:, 
and a point H be moveci aroiinil Uiera, with tiie conditions that it ehaJl not depart 
from the plana of the paper, and that AH4-BH be equal to a constant quantity, 
the point H will describe a curve called an ellipse. The fixed points A and B 
aie called/DC!. The line DABE, passing ihroogh the foci, is called (he irons 
terscaas, and its extiemitieB D and E the verticeB ofthe asis. The point C, 
tha middle of DE, in called the centre of the ellipse, and CO porpendicular to 
DE at the point C, tha semt-eonjugaii or semi-Icsier axis. 

To describe the curve mechanically, fix the two extremities of a tluiad, whose 
length is greater thanAB, at the paints A and B. Bear apin close ag^dnst the 
Uiread, and carry it round, its point will describe the ellipse. If the transverse 
axis DE, and the foci A and B, be given, points of the curve may be found thus: 
take any portion of the transverse axis, as DP ; with this distanca as a radius, 
bjmI the point A as a centre, describe the arcs ( and ; with the remLuning part 
EP of the transverse axis, as a. radius, and the point B as a centre, describe the 
arcs J and s ; the points in which these arcs intersect tlioee befota described are 
points of the curve. After the ares t and o are described from the centre A, it 
is most convenient to place the dividers at B, and desci^je with the some radius 
the arcs m and n ; and after having described the arcs a and q, from the centre B, 
let the dividers be placed at A, and the ares r and p be described ; their intersec- 
tions with the area m and n are pomts of Uie curve. 

"When the point H eonies into the position of the point O, the lines AH and 
BH are equal to eadi other ; and since their Btim ie equal to tha transverse axis 
DE, eitiierof them is equ.i] to, the semi-transverse axis CD. If, Aercfore, the 
two ajces be pven, the foci are eafflly found. For, take either vertex, as 0, of 
the conjugate axis as a centre, and the semi-transi-erse axis DC as a radius, 
and deBcribo the arc of a qjrcle, the points A and B, in which it outs the trans- 
verse Bsis, MB the foci of the ellipne. 

Pi. 6. Fig, 6. If a right line EF, and a point D, bo taken in the plane of the 
paper, BJid a point, as G, be ao ntoved in this plane that its distance from D be 
constantly equal to its distance from EF, that is, GD equal tu GI', and ID 
equal to IE, the point G will describe a «irve, called a paraiala. The lino EF 
U called Uie directrix of the parabola, the point D the foots, the line AD, per- 
pendicular to the directrix,iA<ffira's> and the point B, in which the axis intersects 
'iiecMrie, iJie vertex of the txis. Points of (he curve may be found thus : take 
aiy point of the dircctris, as E and draw ED tn ibn focn. Draw also EI, pee- 
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§ 64. PI. 6. Fig. 3. Let EDD' be any curve coin;a7e towards 
AC. Through any point, as U, let a right line BD' be drawn, 
cutting the curve in the points B and D'. The generatris of 
the curve, in its diflerent positions, occupies al! the points be- 
tween B and D'. Let the point D be moved towards the 
point B. The chord BD' approaches the tangent to the curve 
at B, and becomes the tangent when the point D' occupies llio 
iiret position which the generatrix assumes on departing from 
B, towards D' ; because, in this position of the point D', no 
point of the curve iies between it and B, consequently BD' 
does not intersect the curve, and is therefore tangent to it. In 
this last position of the point D', which is denoted by D, the 
points E and D are called cottsecuiive points. 

5 65. If a point be i<iken in a curve of double cw-vature, the 
right lin£ joining this and its consecutive jmnt will be tangent 
to the curve. 

For, the right line is determined in position, since it passes 
through two given points, and does not cut the curve, since no 
part of a curve lies between consecutive points. A i-ight line is 
therefore tangent to any line, when it passes through two conse- 
cutive pmnts of Hie line. 

§ 66. If a line be tangent to a right line, it coincides with it 
'JirOTighout, and is the same line. 

§ (17. If a line be tangent to a curve of single curvature, it is 



pemlk-iilarto tise diiectrii:, and at Ihe noinlD make the nngleELI ciqual to iLe 
tmgle LEI, the point I, at which the lines EI and DI intersect, ia a point of tlit 
cuTYE. In the Eume maimecany number of points maj be found. 

PI. fi. Fig. 7. If two points A and D be taken in the plane of thn pnper. 
n>id a i>aint C be mored, with the coodidonB that it continue in the plane of the 
paper, EUid that tho difference between the distances AC and DO bs a constant 
quanUly, the point C will describe a curve /GC, called an hfperbela. A curve 
identiral wilh^GC can be described around the point A, by drawing lines D<" 
and AC, and making their diSBretiee equal to the aarae constant quantity. 
These two curves are called opposite /■yperliolas. The points A and X) aie 
called loci ; the line TB is named the rransveiso aiis ; and the points F anci 
B, in which it intersecta the curves, are tlie vertices of the asis, or vertices of 
thehyperliolas; the point E, the middle of FB, is the rwJre; and the line EO, 
perpendiculai to FB, is cal'wl the semi-caa itgale aw? 
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contained in the plane ol'the curve, since the consecutive points 
through which it passes are in the plane of the curve. 

§ 68. If a right line be tangent to a curve of double curva- 
turCjit makes the same angle witJi a line, or plane, drawn through 
the point of contact, as the curve makes with the same line, or 

§ 69. Two curves are tangent to each other, when a line tan- 
gent to one, at a common point, is tangent also to the other. 

§ 70, As no part of a curve lies between two consecutive 
points, the distance between them, measured on the curve, is 
equal to nothing. Considered then with respect to their distance 
apart, measured on tJie curve, they are regarded as the same 
point. The line AE, Fig. 3, is then to be considered as tangent 
to the cm-ve BD', at the point B. 



CHAPTER W. 

Of surfaces — Their generation — How theij are represented an 
the planes of projection — Of the projections of curved lines 
and Hieir tangeTds. 

§ 71. Surfaces are generated by lines moving according to 
some mathematical law, A line which by its motion generates 
a Bui-face, is called the generatrix ; and the lines of tlie surface 
which are determined by the diiferent positions of the gencra- 
iiix, are called elements of the surface. 

When the generatrix of a surface begins to move from any 
position, the^^r** position which it takes determines an element 
consecutive with the first position of the generatrix, and the two, 
that is, the first and secondjositions of the generatrix, arc called 
consecutive elements. 

5 7y, Although there is an infinite number of surfaces having 
different properties, yet, for the purposes of Descriptive Geome- 
trj', they may be divided into four classes. 

1'. The plane surface, or plane, which is generated by a right 
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line moving along another right line and continuing parallel to 
itself. 

3". Surfaces which may be generated by a right line, having 
its consecutive positions in the same plane ; such are called 
single-curved surfaces. 

Z°. Surfaces vfhich can only be generated by curves ; such 
are called double-curved surfaces. 

4°. Surfaces which may be generated by a right line, when 
the conBecutive positions are not in the same plane ; such are 
called warped surfaces. 

§ 73. If uny curve be taken in space, and an indefinite right 
line be drawn through any point of it, and then be moved around 
the curve, constantly touching the curve and parallel to its first 
position ; the surface generated is called a cylindrical surface, 
the moving line the generatrix of the surface, and the curve 
around which it moves the directrix.' 

If the directrix of the cylinder were to move along the gene- 
ratrix, parallel to itself, all its points would continue in the sur- 
face ; hence, a cylindrical surface can be generated by a curve, 
moving parallel to itself. The cylindrical surface can therefore 
be generated in two ways, and has two generatrices, a right 
line and a curve; the directrix of the first generation is the 
generatrix of the second, and reciprocally. If the curve have 
a centre, the right line drawn through it, parallel to the right- 
lined elements, is called the axis of the cylinder. 

§ 74. If through a point, not in the plane of a curve, a rigiit 
line be drawn touching the curve, and be produced indefinitely 
in both directions, if the right line be then moved around the 
curve, continuing to pass through the point, the surface gene- 
rated is called a conic surface, the fixed point the vertex of 
the cone, and the curved line the directrix. 

That part of the surface which lies below the vertex is called 
the lower nappe, and the part of the surface which lies above 
the vertex the upper nappe of the cone. If the directrix were 
to move towards the vertex, decreasing according to a certain 
law, or from the vertex, increasing according to a ceitnin law, 
its points would continue in the surface of the cone. The siir 
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face of the cone chn then be generated by a curve ; it lias lliere- 
fore two generatrices, a right .ine and curve. If t)ie curve 
have a centre, the line (Jiawn through tht centre tvnci vertex 
is called the axis of the suiface The cjhnder iind cone are 
surfaces of the second claf.B, that is, single-curved surfaces. 

§ 75. As the rectilinear geneintrices of these surfaces are 
indefinite, the surfaces are also indefinile When il is necessary 
to consider any finite portion^ of ihem, the) are intersected by 
planes Thecuivcs lonneJ b^ tiie inteisection of &ui.h phnes 
wiih the lurfaces ire CdUed bases the upper pi uc is named 
the plane of the supericr base and tht lowei j lane the plane 
ot the interioi base 

§% A(,\iinder ■who'^eieclihfK'drelenients repeipendicular 
to the plane of its infeiior bnse n, called a right cylinder and 
if this base be a circle a 7ight ajbnder with a circular ia!.e 
Such a cjhnder has all ils lectihnear elements at the eime 
di tance fi jm the axi is the kind of cylinder treated of in 
^eometry and niaj be geneiated tj the revolution ff a rtc 
tangle about one of its sides Cylindeis re generally named 
from their inferior bases. If the inferior base be a circle, 
ellipse, hyperbola, or parabola, the cylinder takes the name of 
a cylinder with a circular, elliptical, hyperbolic, or parabolic 
ba" and ih cither light oi obhqu accord n^ as its rectilinear 
ckmenls ire perpen lie ilur oi tblque to the plane of the 
bise 

§ 77 \.r _,ht c jnc is oi e who e as s s perpendicular to its 
! i^e If the base be i cncle such cone is a right cone with 
1 cnruhr biae t c n 1 c genenled by the revolution of a 
ight angled tnangle about one of is le^s and its rectihnear 
lemenls imke equal in^^les with the axis This is the kind 
Dt cone tieated of in g ometrv Tie cone like the cylinder, 
takes paitii-ular names from its infeiior base; that is, it is a 
cone with a circu ar elliptical pii bol c or hyperbolic base, 
accord ng as its i fer or 1 ';e is i circle ellipse, parabola, or 
hyperbola 

§ ?f We si all CL! id r at p psent those surfaces of the 
(Jiird class which can be generated by the revoltition of a curve 



Hosted by 



Google 



43 DESCRIPTIVE < 

of single curvature about an axis in its own plane. Such sur- 
faces are caJled surf aces of revolution * 

§ 79. Any plane passing through the axis of a sui face of revo. 
lution is called a meridian plane, and its intersection with the 
surface a meridian curve. Every plane perpend iculaj" to the 
axis intersects the surface in a circle, since every point of the 
revolving generatrix describes a circie around the axis. I^et the 
curve EBDD' (PI. 6. Fig. 3) be revolved about AC, it wiU 
generate a surface of revolution. 

If a circle of an indefinitely smalt radius were moved from 
the point E, its radius increasing according to a certain law 
its centre continuing in, and its plane perpendicular to AC, this 
circle will also generate the surface of revolution, A surface 
ofrevoiution,thereSbre,has two generatrices, a meridian curoe, 
and a circle mhose plane is perpendicular to tlie axis of t/ir 
surface, 

§ 80. The surfaces generated by the revolution of the circle 
the ellipse, the parabola, and the hyperbola about their axes, are 
called respectively the surface of the sphere, of the ellipsoid 
of the paraboloid, and hyperholoid. The fourth class of sur 
faces is discussed in the Complement. 

§ 81. The projection of a curve on eitlier plane of projection 
is the base of a cylindrical surface passing tlirougli tlie curce 
and pei-pendicular to the plane on which tlte projection is made. 
This cyUnder is called the projecting cylindm- of the curve. 

§ 83, A curve of single curvature, whose plane is perpen- 
dicular to either piane of projection, is projected on thatplane in 
a right line, since the projecting cyhnder becomes the plane 
of the curve. Both projections of a curve of double curvature 
are always curved lines. 

§ 83, Tim prqjeoCions of a curve determine its form and posi- 
tion. For, the projections of a curve are made up of the pro- 



' A surface of rovolntion is a siirfiice ^f ncrated by a Imc movii 
tigUt line us an asia; the points of tho moiing line dBtcnbing c 
centres are in the axis, and whoso planes ore peipeiiiiiculjr to it. 
fore proposed to diacnsg only onB varicl} of tins ch'i'j of surfuces. 
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jections of all its points ; the points are fixed in position when 
Iheir projections are known ; and a curve is known in form 
and given in position when all its points are determined. It is 
plain that this reasoning does not apply lo the case in -which the 
curve is of single curvature and its plane perpendicular to the 
ground line. 

PI. 6. Fig. 4. Let AB, A'B' be the projections of a curve. 
If a cylinder perpendicular to the horizontal plane be drawn 
through AB, it will pass through the curve in space of which 
AB is the horizontal projection. If the cylinder which projects 
the cuire on the vertical plane were drawn, its intersection with 
the cylinder that projects the curve on the horizontal plane is 
the curve in space ; but this intersection is given in position, 
since the cylinders are given ; hence the two projections of a 
curve delemime it inform and position. 

§ 84, A plane is tangent to a surface wlien 'there is at least 
one point common to the plane and surface, through which, if 
any number of planes be dravm, tlie sections made in the plane 
will be tangent to tite sections made in the surface. 

§ 85. TW surfaces are tangent to each other when all the sec- 
tions of the one made by planes passing through a commoapoint 
are respecticehj tangent to the sections of the other made by ilie 
same planes ; or, wlien a plane which is tangent to tile one, at a 
cummon point, is also tangent to the other. 

§ 86. A plane which passes through the consecutive rectilinear 
elements of a cylindrical surf ace is tangent lo the surface. For, 
if the cylinder be intersected by any plane, the consecutive 
elements will pierce the plane in the curve in which ttio plane 
intersects the surface, and in consecutive points of that curve. 
The right line passing through these consecutive points is tan- 
gent to the curve (6?) ; but this line is also the intersection of 
the plane of the consecutive elements and the cutting plane ; 
and as the same may be shown for any intersecting plane, it 
thllows that the plane of coniecutlve elements is tangent to the 
cylinder (84). In tiie same manner it may be shown, that a 
plane passing thi ou^jli liie consecutive rectilinear elements of a 
conic surface is nntci t ti thi, surface. 
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§ 87 Aa no part of a surface lies between coniecii»(ve ele- 
ment', the di^tince between them, measmtd on tke surface, is 
equal to notLung The consecutive elements, therefore, con- 
sideted with respect to then diitance dpaiUmeamredonthe 
surface, are to bo icgaided as the name line The plane of 
conseculiv e elemf nts is then to be consiclpred as fingent to the 
suitdce along one element only 

5 88 It follows from the definition of i tdngent plane (84), 
that al! iight Imes passing thiough a point ot contact, and tan- 
gent to Imes of the surface, are contained in the tangent plane ; 
hence this plane is the locui, oi place of the right lines tangent 
to all the curves which he on the surface and pass through the 
point ol contict But two light lines, ^\hlch intersect, deter- 
mme the position of i plane If, theiefore, throujih any point 
of a soriace two elements be drawn, and, at their point of inter 
section, atangent to each, the plane of tJiese tangenU is tangent 
to tlie surface at their point of intersection. 

§ 89. A -plane tangent to a surface which has rectilinear ele- 
ments will contain that element vMch passes through the point 
of contact. For, if a right line be drawn tangent to this element 
of the surface, it will be a line of the tangent plane (88) ; but 
this tangent is the element itself; hence a tangent plane always 
contains the element of the surface passing through the point of 
contact. 

§ 90. If a right line be tangent to a curi>e in space, the projec- 
tions of the line are respectively tangent to the projection b of the 
curve. For, if throughthe two consecutive points of tan gen cy two 
linesbedrawnperpendiculartoeitherplane.they will be common 
both to the plane which projects the right line and to the cylin- 
der which projects the curve ; therefore, the plane and cylinder 
will be tangent to each other (86). The lines in which they are 
intersected by either plane of projection are therefore tangem 
to each other (84) ; but these lines are respectively tlie pro- 
jections of the curve and tangent ; thepryections of tangent lines 
are therefore tangent to each other. 

§ 91. Surfaces are represented on the planes of projection 
by the projections of their elements. The horizontal projec- 
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tion of a single-curved surface is generally made by projecting 
on the horizontal plane its inferior base, and tSie elements of 
contact of two planes tangent to the surface and perpendicular 
to the horizontal plane. The vertical projection of the surface 
is generally determined by projecting on the vertical plane its 
inferior base, and the elements ofcontact of two planes tangent 
to the surface and perpendicular to the vertical plane. 

§ 93. The horizontal projection of a surface of revolution is 
the intersection by the iiorizontal piano of a cylinder perpen- 
dicular to this plane and tangent to the surface. The vertical 
projection is the intersection, by the vertical plane, of a cylin- 
der perpendicular to the plane and tangent to the surface. A 
surface of revolution, iiaving its axis perpendicular to the hori- 
zontal plane, may also be projected by projectmg on the hori- 
zontal plane some one of its hovizonliil sections, nnd on the 
vertical plane the meridian curve wliicli is parallel to this 
plane. 



CHAPTER Y. 

op T<yVGE?iT ri,ANi:S TO ^ilNGI.l^CUKVED SURrACES. 

PKOB].EM XVII. 

To dram a plane tlirovgh a given jwint of a conical surface, 
tangent to the surface. 

5 93. PI. 6. Fig. 8, Let the circle BFEG in the horizontal 
plane be the base of the cone, A the horizontal, und A' tiie 
vertical projection of the vertex, AL" and A'L'" the projectjons 
of the axis. The lines AF and AE are the traces of two pJnnea 
tangent to the cone and perpendicular to the horizontal plane ; 
they arc also the projections of the elements of contact of the 
planes and cone ; and AEGF is the horizontal projection of the 
cone (91). The line Ga is tlie vertical projection of the base 
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of the cone ; A'G', A'«' are the vertical traces of the two planes 
tangent to the cone and perpendicular to the vertical plane ; 
hence, A'G'a' is the vertical projection of the cone. The part 
FDE of the circumference of the base of the cone is dotted ; 
for, being under the surface, it cannot be seen. Let C be the 
horizontal projection of the point of the surface through which 
the plane is to be drawn. The vertical projection of this point 
cannot be assumed ; for, it being a point of the suiface of the 
cone, its projecting lines must intersect on the surface. If we 
suppose a line to be drawn perpendicular to the horizontal plane 
at C, it will pierce the surface of the cone in two points ; and 
these are the only points of the surface which are horizontally 
projected at C. 

Through this perpendicular and the vertex of the cone let o 
plane be drawn ; ACB is its horizontal trace, and the two ele- 
ments in which it intersects the surface of the cone pierce the 
horizontal plane at D and B. The projections of these elements 
on the vertical plane are A'B' and A'D' ; and the points C and 
</", in which these projections intersect the vertical projection of 
tlie perpendicular from C, are the only points of the surface 
which are horizontally projected at €. 

Let it then be required to draw a plane through the point 
(C,C'), and tangent to the surface : the plane will contain the 
clement (AC, A'C) passing through this pomt (89). This 
element pierces the horizontal plane at B, which is a point of 
the horizontal trace of the required plane. But the trace must 
be tangent to the base of the cone (84) ; therefore BE, drawn 
tangent to the base of the cone, is the horizontal trace of the 
tangent plane. The element of contact (AB, A'B') pierces the 
vertical plane al L'; and since this is a line ofthc tangent plane, 
L' is a point of its vertical trace : hence KL' is the vertical trace 
of the tangent plane. 

If the point K were not used, the vertical trace could be 
found thus : through any point of the clement of contact, as 
(C,C'), let a line be drawn parallel to the horizontal trace of the 
tangent plane; this line pierces the vertical plane at I, which 
is therefore a point of the vertical trace of the tangent plane- 
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The point L' being previously tleterrain'.cl, ilic ti'aco LI ran 
be drawn. Had it been required to draw the plane through 
(C,C"), its triiccs wouid have been constructed in a similur 
manner. 



PROBI,EM XVIII. 

To drmo a plane through a given point milJiout the surface qfa 
cone, and tangent to the surface. 

§94. PI. 7. Fig. I. LetAKGmbethehorizontfil,sndA'C'D 
be the vertical projection of the cone, (A,A') its vertex, and 
(E,E') the given point through which the plane is to be drawn. 

As every plane tangent to a cone passes through the vertex, 
if the points (A,A'), (E,E') be joined by a right line, this right 
line (EA, E'A") will be a line of the required plane ; and the 
point F, at which it pierces the horizontal plane, will be a point 
of the horizontal trace. Two lines can be drawn through tiie 
p int F, tangent to the base of the cone, either of which will 
be the horizontal trace of a plane passing through the point 
(E,E'), and tangent to the cone : hence there are two planes 
tiiat can be drawn, either of which will answer the conditions 
of the problem. 

Draw the tangent FG, and produce it to i : FI is the hori- 
zontal trace of one of the tangent planes. The vertical trace 
is determined by drawing through the vertex of the cone, or 
any other point of the element of contact, a line parallel to the 
horizontal trace : the point H, at which this line pierces the 
vertical plane, being joined with I, determines IH, the vertical 
trace. That part of it which is concealed by the vertical pi'o- 
jcction of the cone, is made br .iker (:;5) The line (AG, A'G'l 
is the element of contact 
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PJSOBLEM XIX. 



7!» draw a plane parallel to a given line and tangent to the sur- 
face of a cone. 

5 95. Pi. 7. Fig. 9. Let AGC be the horizontal, A'C'D' tlie 
vertical projecEion o£ flie cone, and (IH, I'll') the given line. 

ThrougK the vertex of the coi>e I<.t tlie line (AE, A'E') be 

<irawn purallel to the given line. This parallel is a line of the 
required plane, since tiie plane must pass through the vortex 
^A,A'), and be parallel to the line (IH, I'H'). The point E,at 
which the line (AE, A'E') pierces the horizontal plane, is a 
point of the horizontal trace of the tangent plane, and two tan- 
gent pidnea cm be drawn answering the conditions of the 
problem, svacc two lines can be drawn through E tangent to the 
hatis of the cone 

Let eithei, a', the tangent EG, be taken for the horizontal 
trace of the tangent plane ; (AG, A'C) is the element of con- 
tact ; and the point N', at which it pierces the vertical plane, is a 
point of the vertical trace. The line (AE, A'E') being a line of 
the tangent plane, the point V, at which it pierces the vertical 
plane, is a second point of the vertical trace : hence F'N' is 
the vertical trace of a plane parallel to (IH, I'H'), and tangent 
to the eurface of the cone. If we draw tiirough E the tangent 
EP, it will be the horizontal trace of the second plane which is 
parallel to the given line (III, I'H'), and tangent to the surface 
of the cone. The vertical trace of this plane is easily con- 
structed. 

§ 96. This problem becomes impossible when the line 
(AE, A'E'), which is drawn through the vertex of the cone and 
parallel to the given line, passes within the surface : in this case, 
it would pierce the base of the cone within the circle CDG. 
If the parallel should become an element of the cone, the 
problem would be possible, but would admit of one solution 
only. 

§ 97. The fast three problems would have been constructed 
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in nearly the same manner, had the surfaces been cylindrical 
instead of conical. Indeed, we may consider the cylinder as 
a cone whose vertex is at an infinite distance from the base ; 
for, if t!ie vertex of a cone be supposed to move from the base, 
the rectilinear elements will make a less and less angle with 
each other ; and when the vertex is removed to an infinite dis- 
tance, these elements become parallel, and the cone becomes a 
cylinder, 

§ 98, In order to varj' the constructions, and to apply the 
principles used in drawing tangent planes to single-curved sur- 
faces, so as to embrace the greatest variety of cases, the posi- 
tions of the cylinders to which tangent planes are to be drawn, 
will be so chosen as to require new applications of the prin- 
dples which have already been developed, 

PROBLEM XX. 

To draw a plane through a given point of a cylindrical surface, 
tangent to the surface. 

5 99. PI. 7. Fig, 3. Suppose the cylinder to be a right 
cylinder with a circular base, having its axis parallel to the ground 
line. Let AEFB be the horizontal, and CLGD the vertical 
projection of the cylinder, and I the horizontal projection of the 
point of the surface through which the tangent plane is to be 
drawn. 

If a perpendicular be erected to the horizontal piano at I, it 
will pierce the surface of the cylinder in two points, both of 
which are horizontally projected at I, Through this perpen- 
dicular let a plane MHP be drawn perpendicular to the axis of 
the cylinder. This pianewill intersect the surfaceof the cylinder 
in a circle, and H is the horizontal projection of its centre. 
The two points in which the perpendicular at I intersects this 
circle, are the two points in which it intersects the surface of the 
cylinder. 

Let this plane be revolved about its horizontal trace MP, till 
it coincides with the horizontal plane. The centre of the circle. 
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in which it intersects the surface of the cylinder, falls at fl'; 
with this point as a centre, and a radius equal to the radius of 
the base of Ihe cylinder, describe the circle ENFK'. But IN 
is the revolved position of the perpendicular to the horizontal 
plane at I j therefore N' and N are the revolved positions oS 
the two points in whicii this perpendicular pierces the surface 
of the cylinder. 

Let it be required to draw the tangent plane through the 
upper point, which in its revolved position is at N. Through 
N draw the tangent ONM to the circle NEF ; this tangent is 
the intersection, revolved, of the rcqnired tangent plane and 
the plane MP. Let now the plane of the circle ENF be re- 
volved back into its primitive position, the point M remains 
fixed, being in the axis, and the point describes the arc 00 
in the vertical plane ; the tangent line will, therefore, pierce the 
planes of projection at M and 0', which are consequently points 
of the traces of the required plane. But, since the rectilinear 
elements of the cylinder are parallel to the ground line, and the 
plane must be tangent along an element, it follows that the plans 
will be parallel to the ground line. Therefore, the parallels to 
the ground line through M and 0' are the traces of the re- 
quired plane. If the plane had been drawn through the point 
(1,1") its traces would have been constructed in a similar 



PKOBLEM XXI. 

To draw a plane through a given point, without ihe surf ace cf a 
cylinder, tangent to the surfaee. 

§ 100. PI. 7. Fig. 4. I^t the axis of the cylinder be parallel 
to the ground line, and the projections of the cylinder as repre- 
sented in the figure ; and let (T,!") be the given point through 
which the plane is to be drawn. 

If through the point (1,1') any piano be drawn intersecting the 
surface of the cylinder in a curve, and if through the same 
point two lines be drawn tangent to this curv ;, each line will 
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he a line of a plane which can be drawn through the point QH"), 
and tangent to the cylinder. 

Let AP be the horizontal trace of a plane passing through ths 
point (1,1 ") and perpend icu I arto the axis of the cylinder; this plane 
will intersect the surface of the cylinder in a circle whose centre 
L= horizontaily projected at p, and vertically projected at p'. 
I.et this plane be revolved around AP till it coincides with the 
horizontal plane ; {p,p')! the centre of the circle, falls at p", and 
the point (LI") nt I". Describe the circle, and let the tangent 
I"0" be drawn. Revolving this plane back into its primitive 
jMsition, the point A remains fixed, being in the axis ; and the 
point B describes the arc BB' in the vertical plane about the 
centre P : the tangent to the circle, therefore, pierces the 
planes of projection at A and B'j which are points of the traces 
of the required tangent plane. But the traces are parallel to 
the ground line ; therefore, the parailela to the ground line, 
drawn through the points A and B', are the traces of the re- 
quired plane. 

After the counter i-evolution of the plane, the point 0" is 
horizontally projected at O, and vertically at O' : the lines drawn 
through these points, parallel to the ground line, are the projec- 
tions of the element of contact. 

Had a second tangent line Ijeen drawn through the point I" 
to the circie whose centre is p", it w"ould have been a line of a 
second plane through the given point (1,1'), and tangent to the 
siirfe.ce of the cylinder. 

PROBLEM XXir. 

To droits a plane parallel to a given line, and tangent to the 
surface of a cylinder. 

§ 101. P!. 8 Fig 1, We shall again use a right cylinder 
with a circular base, and take its asis parallel to the ground 
line. Let ABGD and EFG'R be the projections of the cylin- 
der, and (III, PH') the given line to which the plane h to lifl 
parallel. 
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Since a tangent plane to a cylinder is tangent along a recti- 
linear element, it is parallel to the axis. The required plarie 
must then be parallel to the asis as well as to the line (IH, T'H'). 
A plane drawn through (IH, I'H'), and parallel to the asis 
of the cylinder, is, therefore, parallel to the required tangent 

But, since the asis of the cylinder is parallel to the ground 
line, the plane parallel to it is also parallel to the ground line : 
therefore, IT and H'Q', drawn through the points I and H', 
parallel to the ground line, are the traces of this plane, if, for 
a moment, we suppose the tangent plane to be drawn, and make 
an intersection by a plane perpendicular to the asis of the 
cylinder, this plane will intersect the cylinder in a circle, the 
tangent plane in a line tangent to the circle, and the parallel 
plane through (IH, I'H'), in a line parallel to that tangent. 

Let MS be the horizontal trace of such a plane, and suppose 
it to be revolved around this trace to coincide with the hori- 
zontal plane. The centre of the circle, in which the cutting 
plane intersects the surface of the cylinder, falls at P, and the 
line of intersection with the parallel plane takes the position TQ : 
now, if the line MP'F be drawn parallel to TQ and tangent to 
the circle, it will represent, in its revolved position, the line 
which would have been cut from the tangent plane had that 
plane been drawn. The tangent MF is, therefore, aline of the 
required tangent plane ; M is a point of its horizontal, and F' 
a point of its vertical trace ; and as ths traces are parallel lo 
the ground line, the parallels drawn through these points are the 
traces of the required plane. 

As two lines can be drawn parallel to TQ and tangent to the 
circle whose centre is P, it follows that two planes can be 
drawn parallel to the line (IH, I'H'), and tangent to the cylinder. 

§ IQH, We cannot, in general, draw a plane through a given 
line, and tangent to a single-curved surface ; for, in the conte 
surface the tangent plane always passes through the vertex, 
and if a plane be drawn through the given line and the vertex 
of the cone, it will, in general, intersect the surface, though it 
may be tangent to it. If the given line contain the vertex and 
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does not pass within the surface, a plane can always he drawn 
tki-augh it tangent to tlte surface of the cone. 

As a tangent piane to a cylindrical surface contains an element 
of the surface, and as a plniie can be drawn through two lines 
only when they intersect, or are parallel, it follows that aplanc 
cannot be drawn through a right line, and tangent to a cylin- 
drical surface, unless tlie line touch tlie surface or be parallel to 
its rectilinear elements. 

§ 103. Tlte shortest distance . between two lines in space, which 
are not in the same plane, is readily found by means of the 
cylinder and its tangent plane. 

PI. 8. Fig. 3. Let (AB, A'B') be one of the lines, and (CD, 
CD') the other. 

Draw a plane through the line (AB, A'B") parallel to the line 
(CD, CD'). This is done hy taking a point (B.B") of the line 
(AB, A'B'), and drawing through it a line parallel to (CD, CD') ; 
B'C is its vertical and BF its horizontal projection, and AF ia 
the horizontal trace of the parallel plane. If now we suppose 
(CD, CD') to be the axis of a right cylinder with a circular 
base, to which the plane just drawn shall bo tangent, the radius 
of the base will be equal to llie distance between the axis of the 
cylinder and tangent plane, which distance is equal to the dis- 
tance between the given lines. 

To find the radius of the base of this cylinder. Through the 
axis (CD, CD') let a plane be drawn perpendicular to the hori- 
zontal plane ; its trace DOG intersects the trace of the parallel 
plane at G, and these planes intersect in a line parallel to (CD, 
CD'). Let this plane be revolved around DG till it coincides 
with the horizontal plane. Any point of tne axis of the cylinden 
aa (1,1'), falls in a perpendicular to, and at a distance from, the 
axis of revolution DG, equal to its height above the horizontal 
piane: making II" equal to this distance, and drawing CI", 
determines the revolved position of the axis. But the axis of 
tlie cylinder, and tiie line in which the vertical plane intersects 
the parallel plane are parallel ; they are therefore parallel after 
"evolution ; hence GP, drawn parallel to CI", ia the revolved 
position of this line of intersection. 
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At the point C let a plane be drawn perpendicular to ti«* 
axis of the cylinder ; its trace CL is perpendicular to CD, the 
projection of the axis (49). This plane intersects the vertical 
plane through the asis of the cylinder in a line perpendicular to 
the axis at C. If then CH be drawn perpendicular to CI", 
the revolved axis, it will represent this intersection revolved 
into the horizontal plane ; and II is one point f tl e nte 
section of the tungent plane and the plane perpe d ular to 
the axis of the cylinder. Let now the plane pe pe 1 c 1 r 
to the axis of the cylinder be revolved about its hor ont 1 tra e 
LC till it coincides with the horizontal plane. Tl po nt L 
one point of the intersection of this plane and the tangent plane, 
and remains fixed; the point H, which is another point, falls at 
H' a distance from C equal to CII, its distance in space : LH' 
is then the intersection of these planes revolved into the hori- 
zontal plane. Let CN be drawn perpendicular to LH' ; it will 
be the revolved position of the perpendicular from C to the 
tangent plane, and is therefore the radius of the base of the 
cylinder. Making a counter revolution of the plane about LC, 
the point N returns in a perpendicular to the axis ; and NE, 
drawn parallel to CD, is the horizontal projection of the element 
of contact. 

Since (AE, A'E') is a line of the tangent plane, and is not 
parallel to (CD, CD'), it is consequently not parallel to tho 
element of contact ; it will, therefore, intersect this element ; 
and E is the horizontal and E' the vertical projection of their 
inter.se ction. If from this point a line be drawn perpendicular 
to the tangent plane, it will intersect and be perpendicular to 
DOth the given lines; ED, E'D' are its projections, and CN •« 
its length 
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CHAPTER VI. 



) SURFACES OP 



PROBLEM XXIII, 



To duiui a plane tangent to a surface of revolution, at a given 
point of tJie surface. 

§ 104. Let the surface of the paraboloid be the surface of 
revolution to which the tangent plane is to be drawn. As the 
planes of projection can be assumed at pleasure, let the hori- 
zontal plane be taken perpendicular to the axis of the surface ; 
the veitical plane will then be parallel to it. 

PI. 9. Fig. 1. Let A be the horizontal and gg' the vertical 
projection of the axis ; EHF the circle in which (he surface is 
intersected by the horizontal plane ; K'F' the vertical projection 
of this circle ; and E'^F' tlie vertical projection of the meridian 
curve, whose plane is parallel to the vertical plane of pro- 
jection. 

Having made the projections of the surface, let the point C 
be assumed for the horizontal projection of the point at which 
the plane is to be drawn tangent. The vertical projection of 
this point cannot be assumed, for its projecting lines must inter- 
sect on the surface. To find it, erect at C a perpendicular to the 
horizontal plane ; the vertical projection of the point in which 
this perpendicular meets the surface is the point required. 
Tlirough this perpendicular draw the meridian plane lA, and 
let it be revolved about the axis of the surface till it becomes 
parallel to the vertical plane. In this revolution, C, the foot 
of the per])endicular, describes the arc CD on the horizontal 
plane, and B'D" is the vertical projection of the perpendicular 
from its revolved position. The meridian curve having become 
parallel to th'e vertical plane, its vertical projection is the curve 
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E'^F' ; and the point D', in whicli it intersects the verticai pro- 
jection of the perpendicular, is the revolved position of the point 
at which the perpendicular to the horizontal plane at C piercea 
the siirface. Making the counter revolution, D returns in tiio 
arc of a horizontal circle, of which DC is the horizontal and 
M'C tiie vertical projection ; C is, therefore, the vertical pro- 
jection of the point of the surface of which C is the horizonta' 
projection: hence, (0,0") is the point at which the plane is t> 
be tangent to the surface. If a line be drawn tangent to the 
meridian curve at the point (C.C), and a second line be drawn 
tangent at the same point to the horizontal circle passing 
tln^ough (C.C), the plane of these two tangents is tangeut to 
the surface at the point (C,C') (88). 

If, when the meridian plane ICA is parallel to the vertical 
plane, the line A'D'L' be drawn tangent to the meridian curve 
at the point D', this line, being in the plane of the curve, re- 
volves back with it, and continues tangent to the curve at the 
point D'. In this counter revolution the point A', in which the 
tangent intersects the axis of the surface, remains fixed ; and 
when the point (D,D') comes into the position (C.C), A'CT ia 
the vertical and ACI the horizontal projection of the tangent 
line. Tlie line (AC, A'C) being a line of the required plane, 
the point I, in which it pierces the horizontal plane, is a point 
of its horizontal trace. If at (C.C) a right line be drawn tan- 
gent to the horizontal circle passing through this point, it will be 
a horizontal line, and perpendicular to the radius of the hori- 
zontal circle drawn through (C,C') ; therefore its horizontal 
projection CM ispeipendiculai to AC the horizontal y rejection 
of the radius; and its vei tical projection C M la panllel to the 
ground line (27). ''mcc this line is hor!7on1al and a 1 neofthe 
tangent plane, the horzontal tiace ot the tangent plane is par- 
allel to il, and, con«equenllj to il^ hoiizontal piojection (30). 
The line IN, thereff re dmwn through the po nt I piralle! to 
CM, is the horizontal tiace of (he lequired plane The tan- 
gent to the horizontal circle it (C C ) pieices the \ertica! 
plane at M': hence, NUt' is the v^nical trace of the iongrrii 
plane 
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§ 105. We may remark, that the tangent to the horizontal 
circle at (CC) is perpendicular both to the radius passing 
through (C,C') and to the perpendicular demitted from this point 
to the horizontal plane : hence, it is perpendicular to the plane 
of these two lines ; that is, to the meridian plane passing through 
the point {C,C'), But the tangent plane contains (liis tangent 
to the horizontal circle ; therefore, it is perpendicular to the 
meridian plane : and as the same may be shown for any posi- 
tion of the point of contact, we conclude that a tangent plane 
to a surface of revolution is perpendicular to the meridian plari£ 
passing through tJie point of contact. 

5 106. The construction just made answers for all surfaces 
of revolution, with this slight difference, that the perpendicular 
to the horizontal plane at C may pierce the surface in several 
points. "We find the vertical projections of these points hy the 
methods already shown : assume either of them for the one at 
which the plane is to be tangent, and make the construction as 
in the last problem, 

§107. Second Solution. Having determined the vertical 
projection of the point, as befoi-e, let the meridian ptime passing 
through it be revoived about the axis of the surface till it becomes 
parallel to the vertical plane, and draw the tangent A'D'L', 
which in this position pierces tiie horizontal plane at i^. Let 
the meridian plane be revolved about the axis of the surface ; 
the meridian curve generates the surface, and the tangent line 
the surface of a cone tangent to the surface of revolution. The 
point (A,h.') is the vertex of the cone, and LIQ is its base. 
The curve of contact of the cone and surface is the horizontal 
circle described by the point {D,D') ; for, the point {D,D'), 
throughout the revolution, is common to both the surfaces. 

Every plane tangent to this cone will be tangent to the sur- 
face of the paraboloid, and the plane which is tangent along the 
element passing through {C,C') will be tangent to the surface 
at the point {C,C'). This element pierces the base of the cone 
at 1 ; IN, tangent to the base of the cone, is the horizontal ..race 
of the tangent plane ; and NM' is its vertical trace. Tiiis is 
*iie same plane as befoi-(? determined. 
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5 108. If two surfaces qf revolution, kavtng a common ax-ts, 
are tangent to each other, their curve of contact is the circunif 
feretice of a circle ivJutse plane is perpendicular to Ous axis. 

Foi', if a plane be drawn through the common axis, it will ioter- 
pect each surface in a meridian curve (79), and these curves will 
be tangent to each other (85). If, then, the plane of tiiese curves 
be revolved around their common axis, each will generate the 
surface to which H belongs ; the point of contact will generate 
the circumference of the circle of contact of the surfaces ; and 
the plane of the circle is perpendicular to the axis, since the 
axis is perpendicular to all the j-adii. If one of the surfaces of 
revoiution be that of a cylinder or cone, similar reasoning wouid 
show, tJiat the curve, of contact is t/te cv cumference of a circle 
w/iose plane is perpendicular to the common axis 

§ 109. If through any point in the plane of a circle a line be 
drawn tangent to the circle, and through the same point a line 
be drawn to the centre ; if the plane be then revolved about 
this latter line as un axis, the circumteiLn<,t of the circle will 
getierate the surface of a sphere, and the t ingeut line the sur- 
face of a cone which will be tangent to the 'sphere. The 
elements of the cone, intercepted between tho ■vertex and the 
points in which they touch the sphere, are equal to each other ; 
and the line drawn to the centre of the "pliere is the axis of 
the cone. Hence, if any point be taken without the surface of 
a sphere, and through this point a system qf linei be dravm tan- 
gent to the sphere, iJtey form the surface of a j ight cone having a 
circular base; and the line drawn from the vertex to the centre 
qf ilia sphere is the axis qf tlie cone. 

§ 110. It has been shown, that a plane which is passed 
through a given point, without a single-curved surface, and tan- 
gent to the surface, is determined in position. Similar condi- 
tions do not determine the plane when the surface is of double 
curvature. For, through the point, conceive any number of 
planes to be passed intersecting the surface in curves. From 
the assumed point let lines be drawn tangent to the curves; 
these lines will form the suiface of a cone tangent to the double- 
fjurved surface. Tliere mav be an infinite number of planes 
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•drawn tangent to this cone, each of which w.li be tangent to the 
ivf&ce; there(ore,fromani/ poiniiail/ioutadouble-curoedsurface, 
xti infinite number of planes may be drawn tangent to tlie surface. 
§ III. It has also been shown, in Chap. V., that a plane is 
determined in position when it is drawn parallel to a given line, 
and tangent to a single-curved surface. Similar conditions do 
not determine the plane when the surface is of double curva- 
ture. For, let the surface be intersected by any number of 
plants parallel to the given line, and let tangents be drawn to 
these curves also parallel to the given line ; this system of par- 
allels forms the surface of a cylinder whose right-lined elements 
are parallel to the given line, and this cylinder is tangent to the 
double-curved surface. Every plane tangent to this cylinder 
is also tangent to the double-curved surface and parallel to the 
given line ; and as an infinite number of planes can be drawn 
tangent to the cylinder, it follows that an infinite number qf 
planes may be drawn parallel to a given line and tangent to a 
double-curved surface. 

§ 112. It has been shown, (102), that a plane cannot, in 
general, be drawn tiirough a given line and tangent to a single- 
cui-ved surface; but it is always possible to draw a plane 
through a given line which shall be tangent to a double-curved 
surface, provided the line does not meet the surface. For, sup- 
pose the surface to be circumscribed by a tangent cylinder, 
whose right-lined elements are parallel to the given line. A 
plane can be drawn through the line, and tangent to this 
cylinder (102). But this plane will also be tangent to the 
double-curved surface : fience, a plane can always be drawn 
tiirough a given line and tajigent lo a double-curved surface 

PROULEM XXIV. 

To draw a plane through a given line, and tangent lo the surjaw. 
of a spltere. 

1} lis. PI. 9. Fig. 2. Let the ^ntre of the sphere be in (he 
ground line at C, and (AB, A'l the line through which the 
ylane is to he drawn. 
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If liny point of this line be made tlie vertex of a cone tangent 
to the sphere, and a plane be drawn through the line and tan- 
gent to the cono (109), the plane so drawn will be tangent to 
the sphere, and will consequently be llie plane required. 

Let (A,A') be the point chosen for the vertex of the cone. 
Let the lines AI and AL be drawn tangent to the circle of in- 
tersection of the sphere and horizontal plane ; join the points I 
and L, r.nd draw AC to the centre of tiie sphere. The line 
AC bisects tlie angle lAL, and is perpendicular to IL at the 
point P. If the horizontal plane be supposed to revolve about 
AC as an axis, the semicircle N'lN will generate the spliere, 
and the right-angled triangle IPA a cone tangent to it ; and 
since the surfaces have a common axis, the plane of theii 
circle of contact is perpendicular to that axis ; that is, to tiia 
horizontal plane, since the axis AC is a line of that pliine. The 
line HID' is the horiKontal trai:e of the piiine of the c.i)'cle oi 
contact of the cone and sphere ; and if this plane be revolved 
about its trace HL till it coincides with the horizontal plane, 
the circle of contact will be represented by the cii'cle !G"L. 

If we find the point in which the line {AB, A'B") pierces this 
plane, and from that point draw a line tangent to the circle of 
contact of the cone and sphere, this tangent will be the trace, 
on that j liine, of a plane which will contain the given line, and 
be tangent to the cone. To find this point, produce AB, the 
horizontal projection of the given line, till it. meets the trace at 
D', and erect the indefinite perpendicular D'F in the plane 
HI D' : the line (AB, A'B') will pierce the plane somewhere in this 
perpendicular (37), and therefore the point will be horizontally 
projected at D'. Through D' draw the indefinite perpendicular 
DD' to the ground line, and produce A'B', the vertical projec- 
tion of the line, till it meets the perpendicular at E. The point 
G is tlie vertical projection of the point of which D' is the hori- 
zontal projection (13), and DE is the distance of the point above 
the horizontal plane (14). If, then, D'F be made equal to ED, 
F will be the point in which the line pierces the plane HID'. 
Through F draw the tangent FG"H to the circle IG"L ; it will 
be the trace, on the plane of the cone's base, of a plane contain 
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mg the given iine end tangent to the cone. Tlie tangent line 
pierces tlie horizontal plane at H ; and since the tatigent plane 
passes tlirough the vertex A, AH is its horizontal trace. The 
vertical trace, on the vertical pkne of projection, is found by 
drawing through any point, as (0,0'}, of the line {AB, A'S*), a 
parallel to the horizontal trace ; the point Q', in which it pierces 
the vertical plane, is a point of the vertical trace ; and since 
B' is also a point, B'Q' is the vertical trace of the tangent plane. 
To find the projections of the point of contact. When the 
plane of the cone's base is revolved into the horizontal plane, 
the point of contact is at G". In the counter revolution, G" 
describes ihe circuinference of a circle whose plane is perpen- 
dicular to the axis HL ; and when the plane of the cone's base 
becomes perpendicular to the horizontal plane, G is the hori- 
zontal projection of the point of contact. The height of the 
point of contact above the horizontal plane is equal to GG" ; 
drawing through G an indefinite perpendicular to the ground 
line, and making gG' equal to GG", gives G' for the vertical pro- 
jection of the point of contact. 

As two lines can be drawn from the point F tangent to the 
circle IG"L, it follows that two planes can be drawn through 
the given linn and tangent to tiie sphere. As it would confuse 
the figure to draw them both, only one is determined ; tlie other 
is left to be constructed by the student. 

§ 114. All lines drawn tangent to a sphere at any point of 
the surface are perpendicular to the radius passing through that 
point : hence, the tangent plane which contains these lines is 
perpendicular to the radius passing through the po'ntofcon 
tact. The projections of the radius drawn thiough tl c po nt 
of contact pass through the projections of this po I a d a e 
respectively perpendicular to the traces of the ta g t ] hne 
(49). We can verify the construction just made by d -aw ng 
CG, and cKamining whether or not it be perpend c ilar to \H 
CG' ought also to be perpendicular to the vertic*. trace Q'B. 
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PROBLEM XV. 



Jb draw a plane thrtrngh a given right line and tangent to Oie 
surface of a spliere, by means of two cones. 

§ 115. PI. 10. Fig. 1. Let (AB, A'B') be the given Ime, 
C and C the projections of the centre of the sphere, and the 
circles described around these points as centres, the projec- 
tions of the sphere. 

If any two points of the given line be taken as the vertices 
of two eones which are drawn tangent to the sphere, a plane 
tangent to these cones will contain the given line and be tan- 
gent to the sphere. 

First, through the centre of the sphere let the plane B'C be 
drawn parallel to the horizontal plane, and take the point (B,B'), 
in which the given line meets this plane, for the vertex of the 
first cone. Through the centre of the sphere let the plane DC 
be drawn parallel to the vertical plane, and take the point (Q,T>'), 
in which the given line pierces this plane, for the vertex of tlie 
second cone. 

If from the point (B,B'} we conceive two lines to be drawn 
in the horizontal plane B'C, and tangent to the great circle in 
which this plane intersects the sphere, they will be those right- 
lined elements of the tangent cone which lie in this plane, and 
will be horizontally projected in the tangent lines BE and BF 
(90). The axis of the cone is horizontal, and passes through 
the centre of the sphere (109) ; the plane of the circle of con- 
tact being perpendicular to the axis is perpendicular to the 
norizontal plane, and FE is its horizontal projection. The axis 
of the cone, whose vertex is (DiD"), is parallel to the vertical 
plane of projection ; and the plane of the circle of contact, being 
perpendicular to the axis, is consequently perpendicular to the 
vertical plane. 

We wish now to draw a tangent plane to these two cones. 
The planes of their bases intersect in a right line, of which EF 
IS the horizontal projection and GH the vertical projection (24). 
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The points in winch tiiis right line pierces tlie surface of the 
sphere, are the points in which the circumferences of the circles 
of contact of the cones and sphere intersect, and are, therefore, 
common to the surface of the sphere and to the surfaces of 
both cones. If at either of these points a plane be drawn tan- 
gent to the sphere, it will be tangent to botli cones, will cotitain 
the given line, and will therefore be the plane required. 

To find the points in which this iine of intersection pierces 
the surface of the sphere, it will first be necessary to find tne 
point in which it pierces the horizontal plane B'C, and secondly, 
the point in which it pierces the vertical plane DC. It pierces the 
horizontal plane B'C' in the line in which this plane intersecia 
the plane of the base of the cone whose vertex is (B,B'); that 
is, in the line of which EF is the horizontal projection, ft also 
pierces the horizontal plane B'C in its intersection with the 
base of the cone whose vertex is (D,D'} ; th.it is, in a line per- 
pendicular to the vertical plane at «'. The horizontal projec- 
tion of this line Isna; therefore, the line in which the bases of 
the cones intersect, pierces the horizontal plane B'C at the point 
(«/('). The base of the cone whose vertex is {U,D') intersects 
the vertical plane DC in a line of which GH is the vertical pro- 
jection ; and the base of the cone whose vertex is (B,B') inter- 
sects the same plane in a line of whichy is the horizontal and 
fg' the vertical projection ; therefore, the line of intersection 
of the cones' bases pierces the plane DC in the point {f,g'). 

Let the plane of the base of the cone whose vertex is (R,B'J 
be revolved about its intersection with the plane B'C till it be- 
comes parallel to the horizontal plane. The point (its'), being 
in the axis, remains fixed ; the point {f,g^ falls in a perpendicular 
to EF, and at a distance from/equal tofg', its height above the 
plane B'C, Makingj'g- equal to f'g', and drawing ag,ag\alhe: 
revolved position of the intersection of the bases of the cones. 
If a circle be described on EF as a diameter, it will be the base 
of the cone whose vertex is (B,B') in its revolved position. The 
intersection of the cones' bases intersects this circle in the points 
d" and c" ; these are the revolved positions of the points in 
which it pierces the surface of the sphere. Making the counter 
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revolution about EF, the points d" and c" describe arcs of ver- 
tical circles about the axis, and are tiorizontally projected at d 
and c. Since these points are in the base of the cone whose 
vertex is (D,D'), they are vertically projected at the points d' 
and d. A plane drawn tangent to the spliere, througb cither 
i>{ the points, -will contain the given line; and conversely, a 
plane drawn through either of the points and the given line, will 
be tangent to the sphere. The lines Cc, CV are the projections 
of the radius of the sphere passing through the point (c,c'). 

But the horizontal trace of the tangent plane must pass through 
A, the point in which the given line pierces the horizontal 
plane, and be perpendicular to Cc : therefore AN, drawn per- 
pendicular to Cc, is the horizontal trace of the plane tangent to 
the sphere at the point {c,c'). The point I, at which the given 
line pierces the vertical plane, is a point of the vertical trace ; 
hence IP, drawn perpendicular to Cc', is the vertical trace of 
the plane which contains the given line, and touches the sphere 
at the point (c,c'}. 

The second plane, which is tangent to the sphere at the point 
i(iid% is determined in another way, thus : through the point 
{d4') let a line be drawn parallel to the given hne ; its projec- 
tions are parallel to the projections of the given line (30), and 
it pierces the horizontal plane of projection at the point Q; AQ 
is therefore the horizontal trace, and IMV the vertical trace of 
the second tangent plane to the sphere which contains the 
given line. The projections of the I'adius passing through 
tlie point (^,d') should be respectively perpendicular to these 
traces. 

§ 116. If the centre of the sphere were placed in the ground 
line, and the points at which the given line pierces the planes of 
projection taken for the vertices of the tangent cones, the con- 
struction would not differ materially from the one already 
made. Let the construction be made when the sphere has this 
position, 

§ 117. Seamd method by which the points of ccntact may he de- 
Itrmined. If through the given line we conceive two planes to 
be passed tangent to the spheie,a plane drawn through the 
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centre of the spfiere and perpendicular to these tangent planeE 
will be perpendicuSar to their intersection ; that is, to the given 
line. The perpendicular plane will also contain the radii drawn 
through the points of contact, will intersect the sphere in a great 
circle, and the tangent planes in two lines tangent to this circle. 
The tangent lines will intersect at the point in which the per- 
pendit^ular plane is pierced by the intersection of the tangent 
planes ; that is, where it is pierced by the given line. 

If, therefore, through the centre of the sphere a plane be 
passed perpendicular to the given line, and the point in which it 
cuts the gi%tn line determined, and through thia point two 
Hnes be drtwn tnngpnt to the gieat circle in which the plane 
intersects ihe sphere, they will be lines of the rtquued tan- 
gent planes the points in which thej touch the circle aie the 
points at which the requiied pKnes Mill be tangent to the 
sphere. 

PI. 10. Fig. 3. Let C and C be the projections of the centre 
of a sphere ; (AF, A'Y^ the given line. First, to draw the plane 
through the centre of the sphere, and find the point at which it 
is pierced by the given line. Since the required plane through 
the centi-e of the sphere is to be perpendicular to the given line, 
it will be perpendicular to both the projecting planes of the line. 
Through the centre (C.C) let two lines be drawn, one perpen- 
dicular to the plane which projects ihe given line on the hori- 
zontal plane, the other perpendicular to the plane which projects 
the given line on the vertical plane ; these are lines of the re- 
quired plane, and determine its position (20). The tv;o points 
in which they pierce the plane that projects the given line on 
the horizontal plane, determine the intersection of this project- 
ing plane with the plane through the centre of ihe spheic ; and 
the point in which this intersection meets the given line, is the 
point in which the given line pierces the plane through the 
centre of the sphere. 

The line CD, perpendicular to AD, is the horizontal projec- 
tion of the line drawn through (he centre (C,C'), and perpen- 
dicular to the plane which projects the given line (AF, A'F') on 
the horizontal plane. The line CD' is the verlical projection of 
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this line, and (D,D') is the point at which it pierces the project- 
ing plane. 

The line drawn throogli (CjC) perpendicular to the plane 
which projects the line (AP, A'F") on the vertical plane, being 
pinJlcl to the vertical plane, CE is its horizontal projection, and 
E 19 the hor zontal projection of the point in which it piercea 
the phne which projects the given line (AF, AT") on the hori- 
zontal phne The vertical projection of this line is found by 
drawintr thrrugh C the line C'E' perpendicular to A'F; the 
point E , m which this projection intersects the perpendicular 
to the ground line through E, is the vertical projection of the 
point in which the second line through {C,C) pierces the plane 
which projects the line (AF, AT") on the horizontal plane. 
Therefore D'E' is the vertical projection of the line in which 
the plane drawn through tiie centre of the sphere intersects the 
projecting plane of the line (AF, A'F'). This intersection 
meets (AF, A'F") in the point (F,F') ; iience (F,F') is the point 
at which the plane through the centre of the sphere cuts the 
given 1 Lttlppllplnb Idbt 

(CD, CD) t t t tl t! 1 till ] L, 

throug! t! t f tl il til t 1 tl II 

plane. Tl 1 wh h tl p! t ts tl pi 

becomi g p 11 1 t th h t 1 pi p | t 1 t tl 

circle v> hobe centre is C . the point (F,F ) falL at G , DC t ,ing 
made equal to F'g', the hypothenuse of a triangle whose base 
Ig" is equal to DF, From the point G draw the two tangents 
GNO" and GL" : O" and L" are the revolved positions of the 
points of contact. In the counter revolution of the plane, the 
point N remains fised, the point 0" describes the arc of a circle 
perpendicular to the axis, (lie point G returns to the poiiil 
(F,F), FNO is the horizontal projection of the tangent, and O 
is the horizontal projection of the point of contact. The point 
F is vertically projeciod at F, and N at N' ; hence, F'N' is the 
vertical projection of the tangent line, and O' the vertical pro- 
jection of the point of contact. 

To find the projections of the other point of contact. As 
fte line GI." does not intersect, on the paper, tlie axis DC about 
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which the plane is 'evolved, a different coastruction from the 
one jtist made beccmea necessary. In the line GL" take any 
point, as li", and draw the line D/t" ; and note the point /c"in which 
D/t" intersects tlie line GO". In the counter revolution the 
point k" describes the arc of a circle. perpendicuUir to CD, and 
when the revolution is completed, is horizontally projected at k ; 
'Hid since D remains fixed, DM is the horizontal projection of 
tiie line which passed through h" and k" In the counter revo- 
lution the point h" describes the arc of a circle of which h"h 
is the horizontal projection. Hence h is the horizontal pro- 
jection of h" when it is revolved into its true place ; FAL is 
then the horizontal projection of the tangent GL", and L is the 
horizontal projection of the point of contact. The vertical 
projection of the point of which h is the horizontal, must be 
found in the line O'F', and also in a perpendicular from It to the 
ground line ; hence it is at /('. Since the point of which D is 
the horizontal projection is vertically projected at D', Wh'h! is 
the vertical projection of the line of which D/tA is the horizontal 
projection. Drawing from k a perpendicular to the ground 
line defermines /*', the verlical projection of the point of which 
ft is the horizontal projection. The line PA'I/ is therefore the 
verlical projection of the line of which PL is the horizontal 
projection, and L' the vertical projection of the point of contact 
determined by the tangent (FL, VIJ). 

The methods of constructing the tangent planes afler tlia 
points of contact are found, have already been shown. If the 
centre of the sphere were taken in the ground line, the con- 
struction would be similar in every respect to the one already 
given. 

5 IIS. Ifwe supjMseacjIindct having its ix's parallel to the 
given line, to be draw n tangent to the spheie, the cnr^e of con- 
tact will he a grfit csrde whose phne ib petpcndicularto the 
axis of the cvlinJci or given line If two planes be dtawn 
through the given line and tjngent to the cyhndei (103), thej 
will also be tangent to the spheie The point it whicn the 
given line pieices the plane of the ciicle of contact of the 
cylinder and sphere, is the poinl hen which the tangent lines 
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to the base of the cylinder are drawn ; for thia point is common 
to the traces, on the base of the cylinder, of both the tangent 
planes. If the centre of the sphere be in the ground line, the 
construction is somewhat simplified, and the reader will find it 
an intei'esting problem to .draw the tangent planes when the 
sphe/e. has this position. The general problem, to draw a plane 
through a given Ihie, and tangent to a surface of revolution, is 
solved in the Complement. 



CHAPTER VII. 

OF THE INTEKSBCTIOSS OF CURVED srRFACES AND PLANES ; OP 
TAHGEKT LIKES TO THE CURVES OF INTEKSECTION ; AND OF 
THE DEVELOPMENT OP SCRFACES ON FLAKES. 

§ 119. The intersection of a carved suiface by a plane is, in 
generaljdetermined by intersecting the curved surface and plane 
lay auxiliary pkncs, so chosen that the lines in which they 
intersect the surface and plane shall intersect each other; 
t!ie points in which the light lines cut out of the plane intersect 
the CU ■ves cut out of the surface, will be points of the 'nter-er 
tion of 1 e s irface and plane. The auxiliary planes si oul I be 
so taken a to intersect the surface in its m t s nple ele 
men Jlecttng that the right line is a m re s n pie el 

n 1 he circle, and the circle than eiti e ot the co c 

§ 120, A tangent line to the curve of intersection of a plane 
and surface is contained in the plane of the curve (67) ; it is 
also contained in the tangent plane to the surface at the point 
(88) : hence it is the intersection of these planes. If therefoie, 
it be requh^d to draw a line tangent to the curve of intersection 
of a plane and surface, we have only to draw a plane tangent 
to the surface at the point, and determine its intersection imth 
the cutting plane. 
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§ 121. A plane being tangent to the surface of a cylinder along 
one of its rectilinear elements (87), if the cj Under be rolled on 
tiiis plane, it will continue to be tangent to it, and the consecutive 
right-lined elements will successively come into contact with the 
plane. When it has roiled once over, every clement, that is, 
the whole surface of the cylinder, will have been in contact with 
the plane. The portion of the plane touched during the revo- 
lution is equal lo the surface of the cylinder, and is called the 
development of Otat surface. 

5 133. A plane is tangent fo a cone along a right-lined ele- 
ment. If the vertex of the cone remain fixed, and the cone 
be rolled around on its tangent plane, its elements will succes- 
Bively coincide with the plane ; and after they shall all have 
coincided, the part of t!ie plane included between the extreme 
lines is called the devclcpment of the surface of the cone. 

§ 123. If we suppose ths cylinder and cone to be limited 
by planes, the curves in which these planes intersect the surfaces 
become lines on the developments of the surfaces, 

5 124. Double-curved surlacas cannot be developed. For, 
as a plane touches a double-curvsd surface in a point, if the 
surface be rolled around on its tangent plane, its successive 
contacts will form a line ; hence, the aurface will not develop 
itself on a plane. There exists, therefore, this striking dif- 
ference between single-curved surfaces and double-curved sur- 
faces; thef(irmercanbed^>elaped onaplane, tlie latter cannot. 
This difference has been made, by <!ome authors, the bisis of 
classification of curved surfaces; ananfjinf; into one class the 
developable surfaces, and tliose which arc not denebnable 
into another. 
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PROBLEM XXVI. 



Tofivd the mtersection of a plane tviHt t/ie surface of a right 
ci/Under hiving a circular base ; to draw a tattgent line to 
this curve at any point ; to find the curve and its tangent in 
their omn plane ; and to develop tlie cylindrical surface. 

§ 125. PI. 11. Fig. 1. Let the horizontal plane be taken 
perpendicular to the axis of the cylinder, and the vertical plane 
of projection at right angles to the cutting plane. The cireie 
Aghfis the horizontal projection of the cylinder; E'A'B't' is 
its vertical projection, and (DE, DE") is tlie inlersectbg plane. 

Let the surface of the cylinder and the cutting plane be inter- 
sected by a system of auxiliary planes parallel to the axis of the 
cylinder and perpendicular to the veriicai plane : FC, ab,fg, 
and 7c h are Ihe horizontal traces of such planes. These planes in- 
tersect the plane (DE, DE') in lines which are perpendicular lo 
the vertical plane at the points D', d', &c. ; the points in which 
these lines intersect the elements cut out of the surface of the 
cylinder are points of the cun'e of intersection. Since tlie 
cylinder is a right one, and the curve sought lies on its surface. 
the curve is horizontally projecled into the circle AgTif; but, 
as FC is the horizontal projection of the line v^hich is perpen- 
dicuh.r to ihe vertical plane at D', the points n and C are the 
horizontal projections of two points of the required curve, and 
D'is their vertical projection. The points a, b,f, g, k, and ft 
are the horizontal projections of other points of the curve deter- 
mined in the same manner ; tiieir vertical projections are seen 
by inspecting ihe figure. "Let the plane AB be drawn through 
the axis of the cylinder and perpendicular to the cutting plane : 
it intevsecld the cutting plane in a line which divides the curve 
symmetrically ; this line, therefore, passes through the centre, 
and is, furthermore, the longest diameter of the cuiTe : it is 
caiied the transverse axis, and the points (A,E') and (B,G) in 
'vhich it meets the curve, the vertices of the transverse axis. 
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To draw a tangent line to this curve at any point, as (C,U') 
I'ass a plane timgent to the cylinder along the element con- 
taining the point (CjO") ; the intersection of this tangent plane 
andlhe cutting plane is the tangent line required (120). The 
line NC is the hoi-izontal trace of the tangent plane ; it is also 
ihe horizontal projection of the tangent line, and N'D' is its ver- 
tical projection. 

To find the curve in its own plane. Let the plane of the 
curve be revolved around the transverse axis til! it becomes 
parallel to the vertical plane ; it will, fixiin this position, be 
projected on the vertical plane in its true dimensions. The ver- 
tices (B,G) and (A,E') remain fixed, being in the axis ; the points 
(C,D'), (njy), Q>,d% ("jt^Oi ^c., continue at their respective dis- 
tances, DC, Dn, d h, and d a, from the axis ; therefore, making 
n the vertical plane the lines D'C, D'n', d'b', and d'a' respect- 
vely equal to these lines determines points of the cuitc. Hav- 
ing fo'jnd a sufficient number of points, let the curve be de- 
scriijcd through them ; this curve is the curve of intersection 
of tlie cyhndei and plane The tangent line to the curve at the 
point (C D ) intersects the transv ci se axis produced at (N,N' ) i 
and ^ this point remains iixed during the revolution, the tan- 
g( r t Imc a'^sumes the pobition N C , 

To develop the surldcc ot the cylinder, suppose it to be so 
pliced on the pkne of the pipei that the element (A, A'E') 
shall hive the position AE (Fig 1 ri) ; the plane of the paper 
will then be tangent to the cylinder along this element. Let 
the cyhnder be divided into twofequal parts, by a plane passing 
through the element of contact and perpendicular to the plane of 
the paper ; and let oue half of the cylinder be rolled out to- 
svards B', the other towai-ds B. The base of the cylinder being 
perpendicular to the plane of the paper, its circumference will 
ha developed into the right !be BAB'. From the point A lay 
S Ak equal to the arc A/e on the base of the cylinder, and at 
the point k erect a perpendicular to BB' equal to the height 
above the horizontal plane of that point of the curve which is 
lior^Kon tally projected at h Making hf equal to the arc Itf, 
fo fa, an=:Citi, nW==nB, and laying off on the other side of 
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the poiat A the distances Ak,kg, &c.,reBpectively equal to the 
corresponding arcs on tlie base of (lie cylinder, erecting at all 
these points perpendiculars to the line EB', making these per- 
pendiculars equal to their corresponding elements, and drawing 
a ciir-se thraugh their extremities, gives the curve of intersec- 
tion on the development. 

To find the position of the tangent line. When the point 
C comes into the line BB', the element through C cornes into 
the plane of the paper. But the plane of thepaperbeing con- 
stantly tangent to the cylinder, the tangent plane through any 
element will coincide with the plane of the paper at the moment 
the element comes in contact with it. But the aubtangent N"C, 
being perpendicular to the clement through C, fulls in the line 
BB' when the element through C comes into the plane of the 
paper. But the tangent line pierces the plane of the base of 
the cylinder at N" ; therefore, laying off CN equal to CN" 
and drawing NO, determines the tangent line on the develop- 
ment. 

5 136. If a right line be tangent to a curve in space, and the 
curve be developed on a plane, the line will be tangent to the de- 
veloped curve. For, suppose the surface of a cylinder to be 
passed through thegiven curve : the right line being tangent to the 
curve, passes through two consecutive points (65), and the ele- 
ments of the cylinder passing through these points are also con- 
secutive ; when the surface of the cylinder is developed, these 
elements are consecutive lines, their extremities are consecutive 
points of the developed curve,' and a right line passing through 
these points is tangent to the curve. But this line occupies the 
position vi-hich the tangent line in space assumes, since it passes 
through the two points which fix the position of the tangent in 
space. 

§ 127. The surface of any right cylinder may be developed 
in the same way as we have developed the right cylinder with 
a circular base. For, the plane of the base being perpendicular 
to the tangent plane on which the development is made, the 
base of the surface will be developed into a right line ; and by 
Vaying off on this right line paits of the base equal to the dis- 
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tances between the elements, we shall obtain the devolopnienl 
of the surface. 

5 128. The finding a right line equal to the length of a given 
curve is called t]ie rectification of tlie curve. In rectifying a 
curve we cannot, of course, take the exact lengths of the small 
arcs, but must use their chords instead of them. The smaller 
the area are taken, the nearer will the chords coincidy with 
them, and, consequently the nearer wi!I the right line, which 
is the sum of these small chords, be equal to the length of the 
curv;; which it is taken to i'ej)resent. 



PROBLEM XXVII. 

To find the intersection of a plane milh the surface of a right emit 
having a circular base ; to draw a tangent line to the curve ; 
to find the curve in its oitm plane ; and to develop tJie surf ace 
of t/ie cone. 

§129. P1.U. Fig.2. Let(C,C')be iheverlexoftheconc; 
FPEI the horizonta! project'on ofthecnue ■ C'P'Q' its vertical 
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DF, perpendicular to the ground lin 
(3 1) ; this trace intersects the circumference of the cone's base 
in the points E and F ; CF and CE are the horizonta! projec- 
tions of the elements in which the plane intersects the surface 
of the cone, and CD is their vertical projection. The line in 
which the auxiliary plane intersects the cutting plane (AB, AB') 
being perpendicular to the vertical plane, s vertically projected 
&tf, and fg is its horizontal projection. The points^ and^ 
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in wfiich the horizonta! projection of this line intersecta the hon- 
zootal projections of the elements before found, are the hori- 
zontal projections of two points of the required curve, and/' is 
their vertical projection. The points in,m'), {m,m'), (G,G'), &c. 
are found in a similar manner- The plane P«C&, perpendicular 
[o tlie cutting plane and containing the axis of the cone, deter- 
mines the transverse axis of the curve {ab. a'h') ; the points 
(«,«') and (bp) are the vertices of the axis. Having deter- 
mined as many points as are necessary, let the curve agbn be 
described through them : this is the horizontal projection of the 
required curve, and a^b' is its vertical projection. 

To draw a tangent line to the curve at any point, as {G,G'). 
Let a plane be drawn tangent to the cone along the right-lined 
element, passing through the point (G,G'). The line NI, drawn 
tangent to the base of the cone, is. the horizontal trace of the 
tangent plane ; N is one point in which the latter plane inter- 
sects the cutting plane, and (G,G') is another point : hence NG 
is the horizontal projection of the tangent line, and its vertical 
projection is AB', the vertical trace of the cutting plane. 

"To find the curve and tangent in their own plane. Let the 
plane of the curve be revolved about its vertical trace till it 
coincides with the vertical plane : the points of the curve will 
fall at their respective distances from the axis (10) ; that is, the 
distances of their horizontal projections from the ground line 
(13). Drawing through the points b' and a' perpendiculars to 
AB', layingoff b'b" and a'a" respectively equal to the distances of 
the points b and a from the ground line, determines the positions 
of the vertices and of the transverse axis after the plane of the 
curve is revolved to coincide with the vertical plane. In the 
same manner the points n',f", g and m" are determined ; and 
through these points the curve la described. The position of 
the tangent is easily found ; for the point N falls at N', and 
joining this point with G" delermines the tangent line N'G". 

To develop the surface of the cone, and trace on the develop- 
ment the curve in which it is intersected by the plane (AB, 
AB'). Let the development be made on the plane which is 
tangent to the cone along the element (CP, C'P'), Suppose 
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the cone to be placed on tiie plane of the paper, the vertex at 
(Fig. 3. ji}' the point (P,P') at P ; the plane of the paper is 
tlieii tangent to the cone along the element (CP, CT'). Let us 
suppose the cone to be divided by a plane passing through this 
element of contact perpendicular to the plane of the paper, and 
letonehalfof it be developed from P towards Q', the other from 
P towards Q. As all points of the circumference of the base 
are equidistant from the vertex, they will in the development 
be equidislant from the point C, and will consequently be 
found in the circumference of a circle described with the centre 
C and radius CP, equal to C'P' tlie slant height of the cone. 
Let a part of this circle be described. From P lay off PE 
equal to tlie arc PE of the base of the cone ; also EA'—EA', 
h'k^li'k', AQ— ft'Q; and on the other side of the point P lay 
oif PF equal to the arc PF of the base of the cone, FA=FA, 
W=ftl, IQ'=IQ. Through C and the extremities of these 
arcs let lines be di-awn ; these lines are the several positions 
which the elements of the cone take on the development of its 
surface. 

To trace the curve. If the distance of each point of the 
curve from the vertex of the cone be ascertained and laid off 
from the point C, the curve traced through these points will be 
the curve required. On the element CP lay off Ca=C'a' ; on 
CF, C/=CV; on Ch, Cn=C'p; on CI, CG^C'g; on CQ', 
Cb=C'b' : lay off equal distjinces on the corresponding elements 
on the other side of CP; the curve 6G»&, drawn through these 
points, is the curve sought 

To find the positiun o! the tangt,nt Imc The Ime IN (Fig 2) 
19 perpendicular to the element ot the cone pissmg tbiough 
(G,G') ; and when this element taki,s the position f,C-.I (Fig. 
2. n) on the development of the surf iL.e, the tan^Jent phne 
becomes the plane of the paper, and the line IN (Fig 2) pre- 
serving its position with CI, is tangent to the cuneQPQ; 
hence, if we make NI=NI, ind jom N and G, &N w ill be the 
tangent line, 

5 130. The curves described in the note to Art. 63, and 
»amed conic sections, can ht obtained bv intersecting a righi 



Hosted by 



Google 



76 DESCRIPTIVE GEOMETUY 



cone with a circular base by piaoes having different position« 
with ita elements. If the cutting plane be oblique to the plane 
of the base, but intersect all tlie elements on the same nappe, 
as in the last example, the curve will be an ellipse. If the 
plane be parallel to one of the elements, the curve of intersect 
tion is a parabola. If it make a greater angle with the plane 
of the base than the elements of the cone make with the base, 
it will intersect both nappes of the surface, and the curves are 
opposite hyperbolas. To prove that these curves have the 
same properties as those described in the note to Art. 63 
belongs rather to Conic Sections than to Descriptive Ge- 
ometry. 

PROBLEM XXVin. 

To find the intersection of a plane with the surface of a cylimhTf 
the plane and cylinder having any position until each other 
and loith the planes of prt^ection ; to draw a tangent line to 
ilie curve ; and to find tlie curve in its own plane. 

5 131. PI. 13. Fig. 1. Let the ellipse BGDC be the base 
of the cylinder. Let ABCDE be the horizontal projection of 
the cylinder, and A'C'E"E' its vertical projection, and (DF, DF') 
the cutting plane. 

If the cylinder be intersected by asystem of auxiliary planes 
parallel to the axis, they will intersect the surface of the cylinder 
in right-lined elements, and the cutting plane in right lines ; 
the points in which these iines intersect are points of the re- 
quired curve. To render the construction as simple as possible, 
let the auxiliary planes be taken perpendicular to the horizontal 
plane. Let F'V be the horizontal trace and F'F" the vertical 
trace of one of these planes ; Ff is tlie vertical projection of 
its intersection with the cutting plane (DF, DF'). But the 
right-lined elements in which this auxiliary plane mtersects the 
surface of the cylinder pierce the horizontal plane at h and g ; 
projecting these points on the vertical plane at h' and g", and 
drawing tlirongh h' and g' parallels to the vertical projection 
of the axis of the cylinder determii^es the vertical projections 
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of these elements ; the points rt', h', in whicii they intersect the 
Ihie Wf, are the vertical projections and n an 1 A the horizontal 
projections of the two ponts of iteiequred t-iiive which are 
detennined by the vertical ausil iiy f lane F« If another 
auxiliary plane, as o"C, be passtd it will inteisect the cutting 
plane (DF, DY') in a line parallel to (F / F/ ) the vertical 
projection of this intersection is, therefore, parallel to F^"' ; and 
the same for all intersections determined by vertical auxiliary 
planes. The points (0,0'), (m,m') are deternained by the plane 

The part of the curve which is made full in horizontal pro- 
iection, is the part which lies above the elements of contact of 
the tangent planes which are perpendicular to the horizontal 
plane ; and the part of the curve which Is made full in vertical 
projection, is the part which lies on the surface of the cylinder 
in front of the elements of contact of the tangent planes which 
are perpendicular to the vertical plane. The points at whicli 
the full part of the curve terminates and the dotted part begins, 
in either projection, are readily found by drawing auxiliary 
planes through the elements of the surface which contiuii 
these points. The points {0,0') and (p,p') are determined by 
drawing auxiliary planes through the elements (Co", CA') 
and (BA, EI). 

To draw a tangent line to the curve at any point, as {m,m'). 
Draw a tangent plane to the cylinder along the element passing 
through the point {m,m') ; liG is its horizonlal trace, and Um 
the horizontal projection of its intersection with the cutting 
plane (DF, DF), and consequently, the horizontal projection 
of the tangent line to the curve at the point (m.jra') (120). 
The line H'ni' is the veitical projection of this tangent, and 
both its projections are respectively tangent to the projections 
of the curve. 

To find the curve and its tangent in their own plane. Let the 
plane of the cur\'e be revolved about its horizontal trace DF till it 
coincides with the horizontal plane ; findwhere the different points 
of the curve fall, and the curve described through these points 
will be the curve in its own plane. In the example we are 
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coiiHtdering, the trace FD is perpendicular to the horizontal pro- 
jection of the asis of the cvlincler ; so that, after ttie revolution 
of the cutting ohnp the points of the curve will be found in 
the tncea of the auxiliary planes. The point {«^'), for ex- 
ample IS found at n a distance from the point/ equal to the 
) jpothenu=ie fa tumble whose base kfn, and whose perpen- 
dicuhr is equal to the ^ltltude of the point above the honzontai 
phne li c poir't (Ik) is found at k", the point {m,m') at m", 
and so ffi othi r prints The point H of the tangent line re- 
ma ns fixed being n the axis ; Hhj" is the revolved position 
of the tangent line 

If the tiace DF weie not perpendicular to the horizontal 
pi ejections of the elements of the cylinder, we could determine 
the curve in its own plane thus ; find the position of the point 
(h F) aftei tilt cutting plane shall have been revolved to coin- 
cide with the horizontal plane, and join this point wilh the point 
/; this line would be the revolved position of the intersection 
of one of the ausiliary planes with the cutting plane ; and since 
all such intersections are parallel, they will be parallel after 
they are revolved. Take any one of the points, as q, in which 
the trace of an auxiliaiy plane intersects the trace of the cut- 
ting plane ; through this point draw a parallel to the revolved 
position of the intersection of the auxiliary and cutting plane 
which passes through the point/; from o and m let perpen 
diculars be drawn to the trace FD : the points in which they 
intersect the line through q are the points of the curve in its 
own phne. 

If it were required to develop the surface of this cylinder 
it would be necessary, first, to intersect it by a plane perpen- 
dicular to the axis; a right cylinder would thus be formed 
the surface of which could be developed as in Art 123 ; and 
any curve resulting from the intersection of a plane with the 
surface of the cylinder could be traced on the development, aa 
in Prob, 36, 
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PROBLEM SXIX, 

To find the intersection of a plane with the surface of a cone, t/ie 
plane- and cone having any position loith each other and, with 
the planes of projection ; to draw a tangent line to the curve : 
and to find the curve in its oumplane. 

§ 133. PI. 13. Fig. 2. Let YbCA be the lioriKontal and 
V'C'B' the vertical projection oC the cone, and (DI,DE) the cut- 
ting plane. 

If the cone be intersected by a system of planes through iis 
vertex, these planes wilt intersect the surface in right-linod 
elements, and the cnttlng plane in right lines ; the points in 
which these fines intersect the elements are polntsof the required 
curve. We wil! take the system o! planes through the vertex 
perpendicular to the horizontal plane ; all the planes will then in- 
tersect each other in a linf perpendicular to the horizontal plana ; 
and the point in Mhit-h this line pierces the rutting pline 
(DI, BE) IS a point common to the traces of ill the auxilnry 
planes on this intersecting pline To find this point The 
projecting line of the vcrlex (V \ ) pierces the cutting p ine 
(DI, DE) m a point of which V is the hoiizontal piojeclion ; 
the vertical piojection of the point io V (43) hence ("VV") 
is the point through which the traces of t tie luxilniv phnes 
pass. Tak(, VFfi.i the horizontal traced tneof the nixil iry 
planes; the elements in which it intersects the surfing of ihc; 
cone, as well as the line in which it intersects the plane (DI, 
DE), are horizontally projected into the trace VF; V'C, V'^' 
are the vertical projections of the elements, and V'F' is the ver- 
tical projection of the intersection of the planes; heace f &nii d' 
are the vertical projections, and/and d the horizontal projections 
of the points in which the intersection of the planes meets the ele- 
ments of the cone : hence (ff) and (d,d') are two points of the 
curve. By tailing any other plane, the points of tho curve which 
it would determine are •ound in the same manner The poinfs 
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a and c, where tlie palrt of the curve which is made full in hori- 
zontal projection joins the part which is dotted, are constructed 
as in the cylinder, by taking auxiliary planes tangent to the 
surface. The part of the curve which is to be made full in 
the vertical projection is Jimited by the elements (VC, VC) 
and (VB,V'B') ; the points/' and ^' arc determined bytheaus- 
iliary planes through tliese elements. The portion of the curve 
which lies on the front pai^t of the cone is made full, the other 
dotted. 

To draw a tangent line to any point of the curve, as (A,/('). 
Draw a tangent plane to the cone along the element passing 
through this point : \k is its horizontal trace, and \h is the hori- 
zontal projection of its intersection with the cutting plane ; for, 
I is the point in which the traces of the planes intersect, and 
both the planes pass through the point (Jtji'). The vertical pro- 
jection of the tangent is found by projecting the point I into the 
vertical plane at I' and drawing I'A'. 

To find the curve in its own plane. Let the plane of the 
curve be revolved around its horizontal trace DI till it coincides 
with the hoiizontal plane. The point (V,V") falls at v ; and, 
as the intersections of the auxiliary planes and the plane (Dl, 
1)E) pass through the point (V,V"), they will, when revolved, 
pass through the point v. But the points in wiiich the intersec- 
tions meet the trace DI remain fixed ; therefore, the revolved 
positions of these intersections are easily drawn. The line Fv 
is the revolved position ofthe intersection of the plane (DI, DE) 
and the auxiliary plane VF. But as the points of the curve 
revolve in planes perpendicular to the axis of revolution (1 i), the 
intersections/" andol",of the perpendiculars//" and (^(?"with 
the line Fv, are points of the curve when its plane is revolved 
to coincide with the horizontal plane. The points A", c", g'\ 
and a" are determined in the same manner. The line Ik" is the 
position of the tangent line when the plane of the curve is re- 
volved to coincide with the horizontal plane. 

§ 133. These pointsmight also be determined by the general 
methotl of findiiig the hypothenusc of a triangle whose base is 
the distance from the horizontal projection of the point to the 
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axis, and perpendicular, the altitude of the point above the hori- 
zontal plane, and then laying off these several distances from 
the axis on the perpendiculars drawn through the horizontal 
projections of the several points. 

5 134. The surface of this cone cannot he developed by the 
method used in Prob, 27 to develop the surface of a right cone 
with a circular base. For the lengths of the elements, meas- 
ured from the vertex to the base, are unequal : hence, the 
curve of the base traced on the development will not be a circle ; 
therefore, the positions of the difl'erent elements cannot be de- 
termined as in Prob. 37. The manner of making this develop- 
ment will be shown hereafter. 



PROULEM XXX. 

To find tiie intersection of a plane and surface of revolution ; to 
draw a tangent line to the curve ; and to find tlie curve in its 
ovm plane. 

§ 135. Ph 13, Let the surface to be intersected be the sur- 
face of an ellipsoid. Let the horizontal plane of projection be 
taken perpendicular to the axis ; let A be its horizontal and A'E 
its vertical projection. The circle whose centre is A and radius 
A^ is the horizontal projection of the surface, the ellipse 
A'F'BG is its vertical projection, and (CD, CD") is the cutting 
plane. 

If a system of horizontal planes be dra.wn, they will intersect 
the surface in horizontal circles ; and the cutting plane (CD, 
CD") in lines parallel to its horizontal trace ; the points in which 
these lines and circles intersect are points of the i-cqnired 



The transverse axis of any curve resultingfrom the intersec- 
tion of a plane and surface of revolution is the line of intersec- 
tion of the cutting plane, and ike meridian jlane perpendicular 
to it ; the points in which this line pierces the surface are the 
vertices of the transverse axis, or vertices of the curve. First, 
to find the axis and vertices. TJie line AE, drawn at right 
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angles to CD, is the horizontiil trace of the meridian plane per- 
pendicular to the cutting p! »ne The intersection of these twr» 
planes pierces the horizontal pl^l e ^t E, and intersects the 
axis of the surface at the point in which the axis pierces the 
cutting plane (CD, CD") that h it the point of which A' is 
[he vertical projection (43) thcref jre E A" is the vertica pro- 
jection of the intersection of the planes , the horizontal projeo 
tion is the trace AE. To find the points in which this line inter- 
sects the surface, let the meridian plane AE be revolved about 
the axis of the surface till it becomes parallel to the vertical 
plane. The meridian section of the surface is, from this posi- 
tion, projected on the vertical plane into the ellipse A'PBG, 
and the line of intti-aection of the planes into the line E"A" •, 
for, the point (A,A"), being in the axis, remains fixed, and the 
point E describes in the horizontal plane the arc EE', and E" is 
the vertical projection of E'. In this position the line of inter- 
section pierces the meridian cnr\'e at/'" and d'" ; in the counter 
revolution these points describe arcs of horizontal circles about 
the axis of the surface; and when the meridian plane takes its 
primitive position, are vertically projected at/' and d', and 
horizontally projected at/ and d. Therefore (/,/') and {d,d') 
are the vertices of the curve, and {fd,fd') its transverse axis. 
To find other points of the curve, intersect by horizontal 
planes, and let F'G be the vertical trace of one of them. Since 
the circle in which this plane intersects the surface is horizontal, 
its horizontal projection is an equal circle ; and as its centre is 
in the axis of the surface, A is its horizontal projection. The 
point F' is horizontally projected at F: hence AF is the hori- 
zontal projection of the radius, with which let the circle be 
described about the centre A. The line in which the plane 
FG Intersects the plane (CD, CD") pierces the vertica! plane 
at H', and is parallel to the horizontal ti^ace CD ; therefore its 
horizontal projection Hm is parallel to the horizontal trace CD. 
But this horizontal projection intersects the horizontal pro- 
jection of the circle in the points n and m ; n and m are, there- 
fore, two points of the horizontal projection of the curve ; and 
n', m' are their vertical projections. In the same manner any 
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number oF points may be found. If it were required to lind 
thfi points in which the curve intersects, on the surface of the 
ellipsoid, the circle whose plane passes througti the centre, 
take the plane of this circle as an ausiliary plane ; it determines 
the points (g,g') and (p,p')i the horizontal projection of the curve 
is tiingent to the horizontal projection of the surface at the 
points g and p The part of the curve which lies above the 
hoiizontal plane through the centre of the ellipsoid is made full 
in horizontal projection ; the part which lies below it is dotted. 
The poinis in which the curve determined by the plane (CD, 
CD') intersects the meridian curve parallel to the vertical plane, 
are horizontally projected at t and h, and vertically at i' and /i' ; 
the vertical projection of the surface is tangent to the vertical 
projection of the curve at the points i' and h'. The part of 
the curve which lies in front of the meridian plane is made 
full in vertical projection ; the part which lies behind it is 
dotted. 

To draw a tangent line to the curve at any point, as (m,m'). 
Let the surface be circumscribed by a tangent cone whose ver- 
tex shall be in the axis of the surface, and whose contact with 
the surface shall be the horizontal circle containing the point 
{m,m'). The line F'G is the vertical projection of this circle. 
A plane tangent to the cone along the element passing through 
the point (m,m') will be tangent to the ellipsoid at this point, 
and its intersection with the cutting plane is the tangent re- 
!(uired. The tangent line to the ellipse A'F'BG at the point F' 
is the element of the cone which is parallel to the verticEil plane ; 
it pierces the horizontal plane at N ; and a circle described with 
A as tt centre, and radius AN", is the intei-section of the cone and 
horizontal plane. The element of the cone passing through (m^') 
pierces the liorizontal plane at M, and PM is the horizontal 
trace of the tangent plane. This plane intersects the plane 
(CD, CD') in the line (Pm, P'm'), which is therefore the tan- 
gent line sought. 

To find the curve in its own plane. Let the plane be re- 
volved about its vertical trace CD' till it coincides with the ver- 
tical plane; the points will fall at their respective distarces 
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from the axis. To find the position of the horizontal trace o! 
the plane of the curve, as nlso that of the tangent line, aftei the 
plane is revolved to coincide with the vertical plane, take any 
point of the horizontal trace, as P, and project it into the ground 
line at F. Through the point P' draw a perpendicular to D'C 
produced ; with C as a centre, and radius CP, describe the arc 
PP" ; CP" is the revolved position of the trace CD. For, the. 
point (P,P') revolves in a plane perpendicular to the axis D'C, 
and continues at the same distance from the point C ; therefore 
it must be found, after the revolution, in the perpendicular PT", 
and also in the arc PP", and consequently at P". The line 
V"m" is the position of the tangent line in the plane of the 
curve. 



CHAPTER VIII. 



OP THE IHTEKSECTIONS OP 

5 136. The general method of determining the lines in which 
surfaces intersect, is to intersect them by auxiliary surfaces ; 
these auxiliary surfaces intersect the given surfaces in lines ; 
the points in vshich these lines intersect are points of the inter- 
sections of the given surfaces. The auxiliary surfaces siiould 
be of that class, and so cbnsen in position, that the simplest lines 
of section may be determined on the given surfaces ; else a 
plain and simple problem might be rendered complex and dif- 
ficult. 

§ 137. A line is, in general, drawn tangent to the intersec- 
tion of two surfaces at any point, by drawing two planes through 
the point, respectively tangent to the surfaces ; the intersection 
of these planes is the tangent line. 
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PROBLEM XXXI. 



itersection of the surfaces of two cylinders, and to 
draw a tangent line to the curve. 



5 I3S. PI. !4. Let (CA', CD) be the axis of one cylinder, 
(AB, A'B') the axis of the other. . The manner of making their 
projectiona having already been explained, we will suppose 
them constructed as in the figure. 

If through the axis of one cylinder a plane be passed parallel 
to the axis of the othei, such plane will, if it cut the other 
cj Under, intersect the saifaces of both cylinders in right lines, 
since it rs. parallel to their rectilinear elements ; and al! planes 
p 11 lUel to it if they intersect the surfaces of the cylinders, will 
also mteisect thd. in ngUt-iined elements. 

Draw 1 plane through t!ie axis {CA', CD) paraliei to the 
axis (AB, A'B') (5S) : CE is the horizontal trace of this plane ; 
its vertical trace could be easily found, but is not used in the 
construction. Ah ths system of auxiliary planes is to be parallel 
to this plane, their traces will be parallel to CE. The plane 
whose trace is 'EC'S, imersects the cylinder whose axis is (AB, 
A'B') in two elements which pierce the horizontal plane at V 
and T ; it intersects the cylinder whose axis is (CA', CD) in 
two elements which pierce the horizontal plane at M and X. 
Since these four elements are in the same plane, and are not 
parallel, they intersect each other ; that is, each element of one 
cylinder intersects both elements of the other cylinder. The 
horizontal projections of these elements are respectively paral- 
lel to the horizontal projections of the axes of the cylinders, and 
the points 6, d, p, and (j, in which they intersect, are the hori- 
zontal projections of four points of the required curve. The 
vertical projections b', d', p', and q' are found either bV project- 
ing the elements of botii cylinders on the vertical plane and 
determining their points of intersection, or by projecting the 
elements of one cylinder only and determining the points in 
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which these projections intersect the perpendiculars to the 
ground hne drawn through the points b, d,p, and (/. By draw- 
ing Yiaes parallel to CE, and considering them us the traces of 
Kuxihary planes, any number of points of the curve are found 
in the sanae manner. Ix;t the ausiliary plane HN be drawn 
tangent to the cylinder whose axis is (AE, A'B') ; it determines 
two [joints of the curve (/,/') and (g,g'). Through the element 
{fi'f'<^ conceive a plane to be drawn tangent to the cylinder 
whose axis is (CA', CD) ; this plane intersects the plane RN, 
tangent to the other cylinder, in the element (/'"/'c') : hence, 
this element is tangent to the curve of intersection oi" the two 
cylinders at the point {/,/') (137); and the projections of the 
element (cf,c'f') are respectively tangent to the projections of 
the curve (90). In the same manner it may he shown, that 
the element (B^, Wg') is tangent to the curve of intersection 
of the cylinders, and that its projections R^, R'g" are tangent 
to the projections of the curve. If the auxiliary plane FGH 
be drawn tangent to the cylinder whose axis is (CA', CD), it 
is easily proved that the elements {Gz, G'jO and (H«, H'«') are 
tangent to the curve of intersection of the cylinders ; and hence 
their projections Gz, Ha, G'%', and H'«' are tangent to the pro- 
jections of the curve. 

The surfaces of these cylinders intersect in one curve only , 
for, when they intei-sect in two curves the smaller cylinder will 
enter the larger in a curve returning into itself, and leave it in 
a curve also returning into itself. When this is the case, if two 
tange;it planes be drawn to tho lesser cylinder, paraile! to the 
auxiliary secant planes, they will cut the larger cylinder ; out 
if they be drawn to tiie larger cylinder, ihey will not intersect 
the smaller. Hence, if two tangent planes be drawn (o dtJiei 
r.ylmder, parallel to the auxiliary secavt planes, and one of tliem 
cuts the other cylinder and one does not cut it, Utere imll be but 
3He curve of intersection. Svt wlien both the tangent planes in- 
tersect the other ajlinder, or when neitlier of them intersects it, 
there willhe tuX) curves. 

As there is some difficulty in tracing this curve, and deter- 
imning what part of ils horizontal and what part of i!s vertlcai 
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j>roj(?';tioii ought to be made iull, and what part of eacli ought 
to be dotted, we shall cKamine it a little in detail. We will 
begin at the point {as'), and proceed around in the direction 
iq,<l% ihh'), {/,/'), {m, {^,z'}, {t,x'), {d,d% fe-,^'). (P'P') '■nd 
(«,»'). First, -wilii respect to the horizontal projection. The 
point («,«') is on the upper portion of the surfaces of both 
cylinders. At v the curve passes to the under part of the sur- 
face of the cylinder whose axis is (CA', CD), thence along 
through the points g, h, f, b, to u; at which point it returns to 
the upper part of the surface. From u it continues on the 
upper surfaces of the cylinders tot; at this point it passes to 
the under surface of the cylinder whose axis is (AB, A'S*), and 
coiitinues on the under surface through d and g, to k" : at this 
point it returns to the upper surface, and passes through p, n, 
and a. The points v and u are determined by the auxiliary 
plane through S ; the point t, by the plane through k ; and the 
point k", by the auxiliary plane passing through the element 
whose horizontal pTOJection is tangent to the curve at this point. 
The part of the curve between w and (, as well as the part be- 
tween ft" and V, is made full ; the remaining portion is dotted (34). 
To trace tho verticd projection of the cur\'e. From 6' to a 
point near d', the curve is made full, lying on the front por- 
tion of the surfaces of the two cylindei's. At d' (determined 
by the auxiliary plane XE), it passes to the back surface of the 
cylinder whose axis is (CA', C'D) ; at (' it comes to the front 
part of the surfaces of both cylinders, is made full to x, and dotted 
from X to b'. 

To draw a tangent line to the curve at any point, as (h^i'). 
The elements of the cylinders which, by their intersection, 
determine this point, pierce the horizontal plane at P and s ; 
S'Q and sQ are the horizontal traces of the planes tangent to 
t!ie cylinders along these elements : the intersection of these 
planes is the tangent line required (137) ; Q.^ is its horizontal 
and Q'/(' its vertical projection. 
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PROBLEM XXXII. 



To find tlie intersection of the surfaces of two cones, and to drate 
it line to the curve. 



S 139. PI. 15. Let (A.AO and (V.V) be the vertices of the 
cones ; EG«D the base of one cone, and LcXn the base of the 
other. 

If a system of cutting planes be drawn through the verlicee 
of these cones, each plane will, in general, intersect each cone 
in two right-lined elements ; the points in which these elements 
intersect are points common to the two surfaces. All these 
planes will pass through the line joining the vertices of the 
cones : hence, the point in which this line pierces the plane of 
the bases of the cones is a point common to the traces of all 
the auxiliary planes. Let it be remarked, thai the cone whose 
vertex is (VjV) intersects the upper and lower nappes of tlie 
cone whose vertex is (A,A'). The line joining the vertices of 
the cones pierces the horizontal plane at B ; this point is com- 
mon to the traces of all the auxiliary secant planes. 

From B draw the two tangents B& and BC to the base of the 
cone whose vertex is (VjV) ; they are the traces of two planes 
tangent to that cone, and V5, YC are the horizontal projections 
of the elements of contact. The plane whose trace is EBi in- 
tersects the cone whose vertex is (A,A') in two elements of 
which Kad and EAg- are the horizontal projections ; and the 
points d and g, in which they intersect V5, are the horizontal 
projections of two points of the required curves ; d belongs to 
the lower and g to the upper nappe of the cone whose vertex 
is (A, A'). The plane whose horizontal trace isiBC intersects 
the cone whose vertex is (AjA") in two elements of which thJi 
and A/'D are the horizontal projections ; and the points^ and 
h, in which they intersect VC, are the horizontal projections of 
two points of the required curves; the point_/belongs to the 
lower and the point ■ t!i the upper nappe of the cone whnso 
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vertex is (A,A')- The vertical projections of the elements in 
iviiich the plane whose trace is EBi iiilersecls the eone whose 
vertex is (A,A'), are the lines E'A'^ and A'«'rf'; and d' and g^ are 
the vertical projections of the points determined by this plane. 
Drawing perpendiculars to the ground line through tlie points 
/ and A, and projecting on the vertical plane the elements 
which pierce the horizontal plane at D and (, determines the 
vertical projections of the two points of the curve contained in 
the plane whose trace is tBC. Thus, four points of the curves 
(^^''O. {/>/% ig'S')< «nd {44") are found. 

The elements of the cone whose vertex is {A,A') that pasa 
through these points, are tangent to the intersections of the 
cones. For, through either of them, as the element (ft A, h'k!) , 
conceive a plane to be passed tangent to the cone whose vertex 
is (A,A') ; this tangent plane intersects the plane tangent to the 
other cone along the element whose horizontal projection is 
VC, in the element {hk, h'A.') : hence, this element is tangent 
to the curve of intersection of the cones (137) ; consequently, 
its projections are respectively tangent to the prtijeclions of the 
curve (90), and the same may he shown for each of the other 
elements. 

The auxiliary plane xBL determines the points {u,u') and 
{$/) in the lower curve, and the points (QjQ") and (M.MO in 
the upper. Thus every auxiliary p^ane which intersects both 
cones determines two points of each curve. The lower curve 
intersects the horizontal plane at the points c and n. As we 
do not use the upper nappe of the cone whose vertex is (V,V'), 
we make the part of the eur\'e which lies on the upper part of 
he surface of the lower nappe full. The horizontal projection 
jf the lower curve is doited, being entirely concea!ed by the 
upper nappe of the cone whose vertex is {K,k'). The portions 
of the curves which can be seen in vertical projection are made 
full on the vertical plane ; the other parts are dotted. The 
bases of both cones are dotted, since they are concealed by the 
■ipper nappe of the cone whose vertex is (A,A'). Of the ele- 
ments which show the vertical projections of the cones, Ihfl 
parts seen arc made full, the parts concealed dotted. 
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To ciraw a. taogeiit line to the upper curve at the point 
(0,0'), and lothe lower curve at the point {k,h'). Let a plane 
(>e drawn tangent to the cone whose vertex is {V,V') along 
the clement passing through these points, NXH is its horizontal 
trace : this plane contains both the required tangents. Let a 
plane be drawn Uangent to the other cone along the element 
(A/c, A'A') ; NI is its horizontal trace, and it intersects the tan- 
gent plane before drawn in the hue (Nfc, Wk"), which is tangent 
to the lower curve at the point (fc.fc') (137). The line Nfc is 
the horizontal and N'fe' the vertical'- projection of the tangent. 
Drawing a tangent plane along the element (OAG, CA'C), 
GEL is its horizontal trace, and the line in which it intersects 
the tangent plane (of which NH is the trace) is langent to the 
upper curve at the point (0,0% The lines HO and H'O' are 
the projections of this intersection, which are respectively tan- 
gent to the projections of the curve. 



PROBLEM XXXin. 

To find the intersection of two surfaces of revolution whose 
axes are in ike same plane, and to draw a tangent line to Hie 
curve. 

§ 140. PI. 16. If the axes are in the same plane, they will 
either intersect each other or be parallel. We shall first con- 
sider the case in which they intersect. 

Let the horizontal plane be taken perpendicular to the axis 
of one surface, and the vertical plane parallel to the plane of 
Ihe axes. Let one of the surfaces be an ellipsoid whose asis 
is (A,A'C), and the other a paraboloid whose axis is (AB, CB^ ; 
rt!B is the horiaontat trace of the plane of the axes. The ver- 
tical projections of the cnrves in which this plane intersects ihe 
surfaces are the vertical projections of the surfaces. The large 
circle described around the centre A is the horizontal projec- 
tion of the surface whose axis is (A.A'C) ; the horizontal pro- 
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[ection of the other surface, not being necessary in the solution 
of the problem, is not made. 

Before constructing the intersection of the surfaces, we will 
remark, that all surfaces of revolution having a common axis 
and intersecting each oUier, intersect in circles whose planes arc 
perpendicular to the common axis. For, let the surfaces be 
intersected by a plane through their common axis, this plane 
intersects each surl'ace in a meridian curve ; the points in which 
these curves intersect are points of the intersection of the sur- 
faces. Let this plane be now revolved around the common 
axis ; each meridian curve will generate the surface to which 
it belongs, and liieir points of intersection will describe the 
circumferences of circles whose planes are perpendicular to 
the axis ; thnt is, to the common axis of the surfaces. But 
these circles are the intersections of the surfaces : hence, two 
surfaces of revolution, having a common axis, intersect in circles 
wkose planes m-e perpendicular to that axis. 

Let the point C, in which the axes of the surfaces intersect, 
be the common centre of a system of auxiliary spheres ; every 
sphere will intersect each surface in a circle ; the points in 
which the circumferences of these circles intersect are points 
of the required curve. 

With C as a centre, and any radius, as CD, conceive a sphere 
to be described. This sphere intersects each of the surfaces 
in a circle ; the planes of these circles are perpendicular to the 
vertical plane of projection, since the axes of the surfaces are 
parallel to this plane. The line DD' is the vertical projection 
of one circle, and EE' the vertical projection of the other. 
The point F, at which these lines intersect, is the vertical pro- 
jection of the line in which the planes of the circles intersect ; 
and the points in which this line of intersection pierces the sur- 
faces are two points of the required cui^ve. Let the circle of 
which DD' is the vertical projection be projected on the hori- 
zontal plane ; D is projected at d, and tiie circle described with 
A as a centre, and radius Ad, is the horizontal projection of 
-he intersection of the sphere and ellipsoid. It is evident that 
ff is the horizontal projection of the line in which the planes 
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of the two circles intersect; llierefore/and/' are the hori- 
zontal projections, and F is the vertical projection, of two points 
of the curve. In the same manner any number of points may 
be found. To find the points in which the curve intersects the 
circie of the ellipsoid whose plane passes through the centre, 
describe a sphere which shall intersect the ellipsoid in its largest 
horizontal circle ; this sphere will determine those points; they 
are {m,N) and (h,N). The points a' and b', in which the me- 
ridian curves parallel to the vertical plane of projection inter- 
sect, are horizontally projected at a and h. 

To draw a tangent line to liie curve at any point, as (_/',F). 
This hne could be determined by the general method of draw- 
ing two planes respectively tangent to the surfaces at the point. 
and constructing their tine of intersection, which would be tan- 
gent to the curve. ^Ve shaii, however, employ another mttliod, 
which introduces new principles, and is, perhaps, moi-e elegant. 
It is called the method by normals. 

A line is perpendicular to a curve when it is perpendicular to 
the tangent drawn through the point in which it meets the curve. 
This perpendicular is called a normal. A line is perpendicular 
to a surface when it is perpendicular to the tangent plane at the 
point in which it meets the surface. Tliis perpendicular is 
called a normal, and any plane passing through it a normal 
plane. If through the point {f,F), at which we wish to draw 
a tangent line, two lines be drawn, the one perpendicular to 
the surface of the ellipsoid, the other perpendicular to the sur- 
face of the paraboloid, the plane of these two lines is a normal 
plane to both the surfaces at the point (/,F). But as this plane 
contains the normal lines, it will be perpendicular to two planes 
drawn through the point (/,F),the one tangent to the eUipsoid, 
the other to the paraboloid ; and, consequently, it will be per- 
pendicular to their intersection. But, as this intersection is the 
tangent line to the curve at the point {/,¥), we conclude that 
the normcd plane to both surfaces, at any point of their intersec- 
tion, is perpendicular to a line tangent to their intersection at the 
same paint. 

Let the point (/,F) be carried around on the surface of the 
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ellipsoid, in a horizontal circle, till it comes into tlie meridian 
cui've parallel to the vertical plane at {d,D) ; at this point draw 
the normal DH. It is evident that all normal lines which meet 
the surface in the circumference of the circle of vifhich DD' is 
the projection will intersect the axis at H. In like manner, by 
revolving the point (/,F) about the axis of the paraboloid till it 
tomes into the meridian curve, parallel to the vertical plane, at 
E', the normal E'H' can be drawn : hence, FH, FH' are the 
vertical projections, aadfA,fH" the horizontal projections of 
the two normal lines to the surfaces at the point (/,¥} ; and 
HH' is the trace of their plane on the plane of the axes. But 
since the plane of the ases is parallel to the vertical plane of 
projection, HH' is parallel to the vertical trace of the normal 
plane. Since the tangent line passes through the point {f,F), 
and is perpendicular to the norma! plane, its vertical projection 
passes through F and is perpendiculai' to HH' (49). The nor- 
mal plane intersects the plane of the horizontal circle of which 
DD' is the vertical projection, in a line parallel to the horizontal 
trace of the normal plane. But as the diameter DD' and the 
trace HH' are both in the -plane of the axes, the point (GjC), 
in which they intersect, is one point of the intei^section of the 
horizontal and normal planes ; the point {f, F) is another point : 
hence, G/"is the horizontal projection of their line of intersec- 
tion ; wliich pi-ojection is parallel to the horizontal trace of the 
normal plane. Therefore the line drawn through F, perpendico- 
lar to IIG', is the vertical projection of the tangent line, and the 
line through/, perpendicular to/G, is its horizontal projection. 
Instead of determining the direction of the traces of the normal 
plane, by constructing its intersections with the plane of the 
axes and the horizontal plane DD', we might constnict its 
traces on die planes of projection, since we have two lines oi 
the plane, viz. (/A, FH) and (/H", FH') ; the points in which 
these lines pierce the planes of projection are points of the traces 
of the normal plane. 

§ 141, If the axes of the surfaces were parallel, their inier- 
seclion could be obtained very easily by intersecting them by 
planes, since planes perpend'«ular to their axes would intersect 
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i)olli surfaces ia circles, and the intersections of these cii-clea 
would be points of the cui-ve. The tangent Une is drawn in 
the same manner as when tlie axes intersect. The construc- 
tion is left for the student. 



PKOBI,EM XXXTV. 

To find the inlerseclion of a cone and sjihere, IJw lerlex of the 
cone being at the centre of the sphere ; and to draw a tangent 
line to tlw curve at ant/point. 

§143. PI. 17. Fig.l. Let (CC) bo the vertex of the cone 
nnd centre of the sphere, EGH the base of the cone, and the 
circle described with tJie centre C, and radius CA the ver- 
tical projection of the sphere. The horizontal projection of 
the sphere, not being required in the construction, ia not made. 
Through the vertex of the cone let any number of planes be 
drawn perpendicular to the horizontal plane; they will inter- 
sect the sphere in great circles, and the cone in right-lined 
elements ; the points in which the elements intersect the circles 
are points of the curve. 

Let GCH be the horizontal trace of one of the auxiliary 
planes. Let this plane he revolved around the projecting line 
of the vertex of the cone till it becomes parallel to the vertical 
plane of projection. The points G and H describe the arcs 
GG' and HII', in the horizontal plane, around C as a centre ; 
and the great circle in which the plane intei'secls t]ie sphere 
becomes parallel to the vertical plane. From this position the 
great circle is vertically projected into the cii-cle whose centre 
',s C', and the elements of the cone into the lines C'G" and C'H". 
These lines intersect the circumference of the circle at b" and 
k". In the counter revolution these points describe the arcs 
of horizontal circles; and when the plane has resumed its 
primitive position, they are vertically projected at b' and fi', and 
hinrizontally projected at h and h. The points {b,¥) and {h,h') 
are tlierefore two points of the required cui-ve. In the same 
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manner the points (a^'), (n^'), {m,m'}, {1,1"), ig-S"), {/>/% (e,e') 
and {cfi') are determined. The part h'c'e'f, being seen, is made 
full in vertical projection ; the remaining part is dotteti If we 
suppose the upper hemisphere, which is not used in the problem, 
to be i-emovetl, the horizontal projection of the curve should be 
made full. 

To draw ii tangent line to the curve at any point, ns (f,c'). 
Let a cone be drawn tangent to the sphere whose circle of 
contact shall be horizontal, and also contain the point (c,c'). 
The line AI'V, drawn tangent to the vertical projection of the 
sphere, ia one of the elements in which the pkne G'CH' inter- 
sects the cone. This element pierces the horizontal plane at 1 ; 
and the circle described with the centre C and radius (II is the 
intersection of the cone and horizontal plane. The point {C,Y) 
is the vertex of the cone. The element of this cone which 
passes through lc,c') pierces the horizontal plane at B ; and BD 
is the horizontal trace of a plane tangent to the cone along this 
element. The element of the cone whose vertex is (C.C), 
that passes through the point (cc'), pierces the horizontal plane 
at E, and ED is the horizontal trace of a plane tangent along 
this element. The intersection of this plane with the plane 
wiiose trace is BI) is the tangent line to the curve at the point 
(c,c'). The line Dc is the horizontal and D'c' the vertical pro- 
jection of this tangent. 



PROBLEM XXXV. 

Todfioelop the surface of a cone having any curve for its base, 
to trace on this development tlw intersection of tlie cone by a 
given plane ; and to find, on tlw. development, the position, of 
a tangent line to tlie curve of intersection. 

§ 143. JfaconcberoUedaroundonanyofitstangent planes, 
the vertex remaining fixed, all the elements will arrange them- 
selves around the fixed point; and when the cone shall have 
been rolled once round, all the elements will have been in con- 
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tact with tlie plane. If the elements of the cone, after coming 
in contact with the plane, remained in the plane, it is evident 
that the surface of the cone would gradually extend itself on 
the plane ; that any line on the surface of the cone would de- 
velop into a line, and that the points of this line would be at the 
same distance from the common point around which theelements 
arrange themselves, as they were in space, from the vertex of 
the cone. 

The curve in which a sphere, having its centre at the vertex, 
ntersects the surface of a cone, will, when the surface of the 
liOne is developed, become a circle ; the centre of the circle 
being the point at which the vertex of the cone is placed, and 
the radius equal to the radius (tf the sphere. With the vertex 
of the cone as a centre, and any assumed radius, let a sphere 
be described, and the intersection of the sphere and cone deter- 
mined. If, then, any two elements be chosen on the surface 
of the cone, and the length of that part of the intersection of 
the sphere and cone intercepted between them determined, 
this distance laid off on the circle into which the intersection 
develops, determines the position of the two elements on the 
development of the cone. It is then necessary to find the 
length of the curve of intersection of the cone and sphere. To 
do this, let us develop the right cylinder which projects this 
curve on the horizontal plane, and trace the curve on this 
development. Since the cylinder is aright cylinder, its base, 
which is the horizontal projection of the curve, will become a 
rioht line on the plane of development (197) ; the elements of 
the cylinder will become perpendicular to this right line, and 
the curve is traced through the upper extremities of these 
elements. 

Let the curve in which the cone and sphere intersect each 
other be found, as in the last problem ; and let the cylinder 
which projects the curve on the horizontal plane be developed 
on the plane which is tangent to it along the element that pierces 
the horizontal plane at e (Fig. 1). Draw the indefinite right 
line LED (Fig. 2) ; erect a perpendicular to it at E, and make 
l'> equal to th,5 height of the point (e,e') (Fig. 1), above the 



Hosted by 



Google 



INTEESECTIONS OP SURFACES. 97 

honzonlal plane ; e ia one point of the intersection of the cone 
and sphere on the plane of development. I^aying oiF EC equal 
to the arc ec, CB equal to c&, BA equal to ba, AN equal to an, 
NM equal to nm, ML equal to ml ; and on the other side of the 
point E make EF equal to e/, FG to fg, Gil to gh, HL to Id ; 
LEL will be the base of tiie cylinder rectified. Erect at L, 
il, G, F, &c., perpendiculars to the line LD, and make them 
respectively equal to the distances of the corresponding points 
in {Fig. 1) above the horizontal plane ; the curve Uig, &c., tc 
/, traced through these points, is the curve of intersection of the 
sphere and cylinder on the plane of development. The tangent 
Hue to the curve at the point (fi,c') is determined on the plane 
of development, by laying off from C (Fig. 3) the distance CD 
equal to the subtangent cD (Fig. 1), and joining the points c 
and I) (Fig. 2). 

It is now required to develop the cone, and trace on the 
development the curve of intersection with the horizontal 
plane of projection. Let the cone be developed on the tan- 
gent plane passing through the point (cfi'), and let the vertex 
of the cone be placed at C (Fig. 3). With C as a centre, and a 
radius equal to the i-adius of the sphere, describe the arc of 
the circle Imna, &.c., and draw a radius CE to represent the 
element (Cc, C'c'). From the point c lay oiF the arc cb equal 
to cb {Fig. 3); and draw C6G ; this is the position, on the plane 
of development, of the element of the cone that passes through 
the point (6,6') (Fig. 1). By making, in like manner, ba equal 
to ba (Fig. 3), CM equal to an, &c., and laying oif on the other 
side of c the arcs ce, ef,fg, &c. respectively equal lo their cor- 
responding arcs in (Fig. 3), and drawing the lines C«, Cn, Ce, 
&c., we determine the positions of a scries of elements of the 
cone on the plane of development. The tangent line being 
perpendicular to the radius of the sphere, or to the element of 
the cone passing through (c,c% is perpendicular to this element 
on the plane of development, and therefore has t!ie position 
cD (Fig. 3). 

We will now trace on the plane of development the intersec- 
tion of the cone with the horizontal plane Laying oif from C 
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Ihe distance CE equal to the length of the element which passes 
through (cfi") (Fig. I), determines one point. The length of tlic 
element is formed by revolving it about the asis of the cone till 
it becomes parallel to the vp.rtical plane, its projection from this 
position will be equa! to its true length : hence, CE" is the 
length of the element. Thus, the length of any element may 
be determined, which, being laid off from C, determines a point 
of the required curve. Making cD (Fig. 3) equal to cD (Fig. 2), 
and joining E and D, ED is the position which the tangent line 
ED (Fig- 1) assumes on the plane of development. 



CHAPTER IX. 

TRACTICAI, PROBLEM 
PROBLEM I. 



Knowing the distance of a point from three given points, it u 
required to jmd its distance from t/te plane of these points, ami 
its prelection on the plane. 

§ 144. As the line joining any two of these points is known, 
and as there are sis such hnes, the problem may be thus enun- 
ciated : having given the six edges of a triangular pyramid, le 
amstruct the p 



P!, 1 S. Fig. 1. Let the plane of the three pomts be assumed 
for the horizontal plane of projection, and let ABC be the tri- 
angle formed by joining the given points A, E, and C ; and 
suppose the lines A, B, and C to be equal respectively (o the 
distances of the fourth point from the angles A, B, and C. 
With the angular points A, B, and C as centres, and radii equal 
to the distances A, B, and C, let three spheres be described. 
As each condition, taken independently of the other two, fises 
the required point on the surface of one of these spheres, the three 
conditions, taken together, fix it at their points of inlerscctiori. 
Since either two of the spheres intersect each other in ri cirdi? 
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perpendiculai' to the line joining their centres (140), the spheres 
wliose centres are B and C intersect in a circle perpendiculaf 
to CB, and of whicli ED is the horizontal pi-ojection. Tiie 
spheres whose centres are A and C, intersect in a circle per- 
l>endicular to AC, and of which GZ is the horizontal projection. 
The line in which the planes of these circles intersect is per- 
pendicular to the horizontal plane at I ; liie two points in which 
this line pierces the surface of either of the spheres are com- 
mon to the surfaces of the three spheres : either of them, 
therefore, will answer all the conditions of the problem. Let 
the vertical plane of projection be taken perpendicular to 
CB, and project the circle of which ED is the diameter upon 
it. The line D'E' is the vertical projection of the diameter ; by 
descriliing the circle on this diameter, and projecting the per- 
pendicular to the horizontal plane at I, the points I' and I", in 
which it intersects this circle, are determined. The fourth point 
is, therefore, horizontally projected at I, and is above or below 
the plane of the other three points a distance equal to NI" or NI'. 
Eitherofthese points will answer all the conditions of the prob- 
lem, and may be regarded as the vertex of a triangular pyramid, 
three ofwhoseedgeslie in the horizontal plane, and whose three 
other edges are drawn from this point to the angles A, B, and C. 



PROBLEM 11. 

7b find the centre and radius of a sphere whose surface sludl 
pass through four given points ; or, by regarding (lie four 
points as the four angular points of a triangular pyramid, 
the prtjtlem may be enunciated, to circumscrilx! a sphere about 
a triangular pijramid. 

§ 145. if any chord of a sphere be bisected by a plane per- 
pendicular to it, the plane will pass through the centi-e of the 
sphere. Hence, if we bisect the line joining any two of the 
given points by a perpendicular plane, this plane will contain 
the centre of the required sphere. Bisecting a sec^>nd line by 
a perpendicular plane, this plane will also contain the centre of 
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the sphere. Bisecting in i ke n anne a third line, not in the 
plane of the other two, the i o t \ h cl this last plane cuts 
the common intersection of tl e othtr two planes is the centre 
of the required sphere, being a point equidistant from the four 
given points. 

PI. 18. Fig. 2. Take the plane of any three of the points 
for the liorizontal plane of projection. Let A, B, and C be the 
three points situated in this plane, and (D,D') the fourth point. 
Through L, the middle of BC, let the plane LI be drawn per- 
pendicular to BC ; through N, the middle of AB, let the per- 
pendicular plane NI be drawn ; these planes intersect in a line 
perpendicular to the horizontal plane at I ; this line contains 
the centre of the sphere, and its vertical projection I'T' contains 
the vertical projection of the centre. Through (E,E'), the 
middle of the edge of which DC is the horizontal projection, let 
a plane be drawn perpendicular to this edge (53) ; GH and 
GH' are its traces ; the point in which the plane cuts the lino 
{1,1'!") is tiie centre of the sphere. 

To find this point, let a plane be drawn through the lino 
(1,1"!') parallel to the vertical plane ; it intersects the plane 
(GH, GH') in a line parallel to its vertical trace, and H"I' is 
its vertical projection. The point (LI') is, therefore, the point 
in which the line (1,1"!') pierces the plane (GH, GH'), and is, 
consequently, the centre of the sphere. A line drawn from 
(1,1') to cither of the four angular points. A, B, C, or (0,D'), 
is the radius of the sphere. Taking the radius passing through 
C, IC is its horizontal projection, and Vc its vertical projec- 
tion. Revolving the plane which projects it on the horizontal 
plane about (LI"I') till it becomes parallel to the vertical plane, 
C describes the arc CC, and the point (1,1') remains fixed ; 
rC" is, therefor*!, the length of the radius. With this radius, 
and about I and I' as centres, let two circles be described ; 
they are the projections of the required sphere. 

If the vertical plane of projection had been taken pai-allel to 
(DC, D'c), the plane perpendicular to this line would have been 
perpendicular to the vertical plane, and the point (1,1') would 
then have been vertically projected in the trace GH'. 
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PROBLEM III, 

To find the radius of a sphere icfiich shall he tangent to four 
given planes ; or, to inscribe a sphere in a given tricaigular 
pyramid. 

§ 146, If we bisect any three of the diedra! angles of this 
pyramid by planes passuig through three edges which do not 
meet in the same point, the point in which these three bisect- 
ing planes intersect, is the centre of the required sphere.* 

It is, therefore, required to draw these planes, and determine 
iheir point of intersection. 

Pi. 18. Fig. 3. Let OAB, in the horiKontal plane, be the 
base of the pyramid, <D,D') its vertex, DA, DB, and DO, the 
horizontaJ, and D'A', D'0',and D'li', the vertical pi-ojcctions of 
its edges. The bisecting planes will be drawn through the 
Sines AO, AB, and BO. 



' For, )et AC"B (Fig. 3, )i) be the hnse, naA (D,D') l.Iis vertex of a tflnngular 
[lyVimiiil; suf^oee (C,C') to be the point of iiittrseetion of tiie three bisscting 
|)lanes paSEBd through the edges AC", AB nnd BC" ; it is to be proveJ that tMa 
point is equidistant Irom the lour Cioe? of ths pyramid. 

Througli the point (C.C) let a plane be drawn perpendicular to either edge, 
js AC". Now, as the bisecting pfHiie through the edge AC" diTidea equally 
the diedial angle included between the face DAC" and tlie plane of the base, 
Its intersection with tlie perpendicular plane bisects the ouf^le cont^ned by Ihe 
fine in whicli the perpendicular plane interaecta the fiice DAC" and the hen- 
zonta! plajie. Let this perpendiculai: plane he revolved around its harizontal 
trace GC till it coincidee with the horizontal plane. The point (C,C) falls at 
E ! GF, GE, oni GC, are the linea revolved, in which the perpendiculM plane 
intetsMts the plane of the face ADC", the bisecting plane, and the plmie of the 
Jiase : EF and EC are the perpendiculars let fell from the point (C,C') on the 
face ADC", anil on (ho piano of the base. But, since the angles J^GF and 
EGO are equal, the angles at F and C right aiiglee, and the side EG common, 
!he two triangles EFG and ECG are equal, and have the side EF equal to EC. 
tn the same manner it may be proved, that the length of the perpendicular on 
eiLhcrof the othnr faces is equal to the length of the perpendicular on the pkne 
of tiie Ijsse ot the pyramid - Iience, the pecpeiidiculars drawn from the piiint 
<0,C') to the four plancB are equal i {C,C') is, therefore, the centre, and EC oi 
T:F the radiua of'i spliwa to wbirrh U-^foiir lanes will be taagenl. 
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Through t!ie vertex (D,D') of the pyramid let tlii-ee planes 
be drawn respectively perpendicular to the three edges AO, 
AB, and BO ; and let these planes be revolved around their 
horizontal traces DE, DH, and DG, till thej coincide with the 
horizontal plane. In i-evolving the plane ED to coincide witl; 
the horizontal plane, the point at which the vertex of the pyni- 
mid falls is determined by drawing DV perpendicular to ED, 
and making it equal to the height of the vertex above the horl- 
.zontai plane. Let V an6 E be joined ; EV is the revolved 
position of the intersection of the perpendicular plane ED with 
the face DOA ; and EE', bisecting the angle VED, is the 
revolved position of a line of the bisecting plane. By revolving 
the plane DH to coincide with the horizontal plane, the vertex 
of the pyramidfallsatV", and the line bisecting the angle DHV" 
is the revolved position of a line of the bisecting plane passing 
through AB. In like manner, by revolving the plane GD to 
coincide with the horizontal plane, the vertex of the pyramid 
falls at V ; and Ga', bisecting the angle V'GD, is a line of the 
bisecting plane which passes through OB. We have, therefore, 
two lines of each bisecting plane, and may therefore conceive the 
planes to be drawn. These bisecting planes form a new pyra- 
mid, which the horizontal plane intersects in the triangle ABO ; 
the edges of this pyramid pass through the points A, B, and O. 
and its vertex is the centre of the sphere. 

Let this second pyramid be intersected by a plane parallel 
to the horizontal plane, and at the distahcc P'Q above it. This 
plane will intersect the faces of the new pyramid in lines 
respectively parallel to AO, AB, and OB, which lines will form 
a triangle similar to the triangle AOB ; the angular points of 
this triangle are in the edges of the second pyramid. Recol- 
lecting that Ga', in its position in space, is directly above G D, 
we see, that if Ga" be made equal to P'Q, and a"a' drawn parallel 
lo GU, d/ will be the revolved position of one point of the inter- 
section of the plane parallel to the horizontal plane, with the 
bisecting plane through OB. The point a', from its position in 
space, is horizontally projected at a ; and as the plane parallel 
to the base of the pyramid intersects the bisecting plane in a 
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line parallel to OU, it follows that b'P is the horizontal projec- 
tion of this line. Making sb, in the angle VED, equal to P'Q, 
and drawing it parallel to OA, W will be the projection of the 
intersection of tlie plane parallel to the base of the pyramid 
with the bisecting plane through AO. In like manner, the 
parallel to AE is determined ; and thus we have the horizontal 
projection of the triangle, in which the plane parallel to the base 
Df the pyramid intersects the second pyramid. The horizontal 
orojections of the edges of the second pyramid pass througli the 
angular points of this triangie, and also through the points A, 
i, and O ; drawing them, determines C, the horizontal pi-ojec- 
uon of the vertex of the second pyramid, or centre of the 
sphere. The vertical projection of the centre of the sphere is 
in the perpendicular to the ground line through G, and also in 
the vertical projection of either of the edges of the second pyra- 
mid. The point B is vertically projected at B' ; the point P, 
at P': hence, B'P'C is the vertical projection of the edge 
which pierces the horizontal plane at B ; and C is the vertical 
projecLion of the centre of the sphere. The radius of the 
sphere is equal to C'S; with this radius let circles be described 
around C and C as centres: these circles are the projections 
of the sphere. It is evident that this problem is the same as 
the problem to find a point equidistant from four planes, neither 
tfeo of ilMcIi arc parallel to eudi other. 
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CHAPTEU S. 



CONSTKUCTION OF SniERICAL TRIANGLES. 

§ 147. Descriptive Geometry can readily be i 
the graphic solutions of the several cases of SjJierical Tiigo- 
nometry. 

Every spherical triangle being formed by the arcs of three 
great circles intersecting each other on the surfaces of a sphere, 
it follows that the planes of these circles must intersect each 
other at the centre. These three planes form what is called a 
spherical pyramid : the centre of the sphere is its vertex ; the 
planes of the sides of the spherical triangle are its faces ; and 
the lines in which these planes intersect are called its edges. 
The edges pass through the angular points of the spherical tri- 
angle, and through the centre of the sphere. 

§ 148. If at either angle two lines be drawn respectively 
tangent to the sides of the spherical triangle, each line will lie 
in the plane of the side to which it is tangent (67) ; both the 
tangents will be pei-pendicular to the raditis of tlie sphere pass- 
ing through the angular point ; and the angle contained by them 
will be the measure of the diedt-al angle of the two faces of the 
pyramid which intersect in the radius passing through the an- 
gular point. But since the lines are tangent to the arcs, the 
angle which they make with each other is tiie measure of the 
inclination of the arcs ; therefore, the diedral angles of the pyra- 
mid are equal to the corresponding angles of the spherical tri- 
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aiigle, and may be taken to represent them. The angle inclu- 
ded between any two edges of the pyramid, being an angle st 
the centre of the sphere, is measured by the side of the spherical 
triangle contained in the plane of these two lines : hence, the 
aides of a spherical triangle measure the angles included be- 
tween the edges of the pyramid; these angles may then be 
taken to represent the sides. 

Seeing, therefore, that a pyramid can always be formed, 
having its diedral angles equa! to the angles of a spherical tri- 
angle, and the angles formed by its edges equal to ihe sides of 
the triangle, it follows that all the cases which can arise in 
spherical trigonometry, will be comprised in the general prob- 
lem, to find tite remaining parts of a spherical pyramid vJien any 
three parts of it are given. 



Having given the three sides of a spherical triangle, to find 
the angles: titat is, Itaving given the- three angles included 
between the edges of a spherical pyramid, to find its diedral 
angles. 

§ 149. PI. I. Fig. 1. Lut ACB be ihe spherical triangls, 
having the sides a, b, and c given. 

Make on the plane of the paper the angle DGH equal to ihe 
side c. If the pyramid were entirely constructed, and the two 
other faces i-evolved, the one around GD, the other around 
GH, to coincide with the plane of the paper, the third edge 
vould, as it were, divide and fall into the two lines GC and 
i>C", making the angle DGC' equal to the side a of tbo 
spherical triangle, and the angle HGC" equal to the side b If, 
therefore, the angle DGC be made equal lo the side a, and 
the angle HGC" equal to the side b, they will represent these 
sides revolved into the plane of the paper. 

It is now required to fold up this pyramid and determme its 
dit'dral angles. When the pyramid is folded up, every point 
cf the line GC' will unite with n point of he line GC" at ihe 
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Kame distance from the point G ; the points F and F, at the 
same distance from G, will then become tlie same point. But, 
m turning die piane DGC around GD aa an axis, the point F' 
revolves in a vertical circle vrhose i;entre is B and radins BF' ; 
and in revolving the plane HGC" around GH, the point 'F de- 
scribes a vertical circle whose centre is A and radius AF : the 
planes of these circles intersect in a line perpendicular to the 
lace HGD at E, and GE is the projection of the intersection 
of the fdt.es DGC' and HGC". Revolving the plane of the 
uicle described by the point F' about the trace F'E till it coin- 
cides with the plane of the paper, the point of which E is the 
projection will fail in a perpendicular to PE at E', a point of 
the arc of the circle described by the point F' : hence, BE' is 
the in te I 'section of the verticaJ plane F'BE with the plane of 
the f ice F GB ; and, consequently, ETBE is equal to the angle 
which this face makes with the face DGH. For the same 
lea-jons E AE is equal to the angle which the face HGC" makes 
with the face DGH. 

It IS now required to find the angle which the faces HGC 
and G GD make with each other. Let a plane be drawn per 
pendicular to the edge of which GE is the horizontal projection , 
its trace DH is perpendicular to GE, and the lines in which it 
intersects the faces pass through the points H and 1>, and ai-e 
both perpendicular to the edge at the same point. When the 
faces are revolved around GD and GH to coincide with the 
plane of the paper, this point will, as it were, divide and fall at 
C and C", equidistant from G ; the lines DC' and HC', per- 
pendicular respectively fo GC and GC", are the lines in which 
the perpendicular plane intersects the planes of the faces. Let 
there be taken any two points in the lines GO' and GC" equi- 
distant from G, as C and C", and from these points let lines be 
drawn respectively perpendicular to GC and GC": then con- 
struct a triangle with the lines HD, DC, and HC" ; the angle 
HCD will be equal to the angle C of the spherical triangle. It 
is plain that the angle EBE' is equal to the angle B of the 
spherical triangle, and the angle EAE" to the angle A. 
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Having given two sides and tJie included angle of a spherical 
tt-iartgle, to find the otJier parts. 

5 150. PJ. 1. ¥ig. % Let ABC be the triargic, c and b llie 
given sides, and A the given angle. 

Malce, on tlie plane of the paper, the angle BHA equal to the 
aide c, and the angle AHG' equal to the side 6 : AHG' is the 
face, revolved into the plane of the paper, which makes with 
the face AHB the angle A. Through any point, as A, of the 
edge HA, conceive a vertical plane G'AF to be drawn perpen- 
dicular to HA ; the angle contained by the lines in which this, 
plane intersects the faces is equal to the angle contained by the 
faces. These lines, however, can only be represented by 
revolving the vei'tical plane which contains them to coincide 
with the horizontal plane ; when it is so revolved, Jet the line 
AF" be drawn, making the angle FAF" equal to the angle A 
of the spherical triangle ; the line AF" is a line of the face AHG'. 
With the centre A and radius AG' let the arc of a circle be 
described ; this arc meets AP' at F'. Let the plane FAF" be 
revolved back into its piimitivc position, the point F" I'f hori- 
zontally projected at P. If now we suppose the face AHG' 
to be revolved around AH till it shall make with the plane of 
the paper an angle equal to Ihe angle A of the spherical tri- 
angle, the point G' will describe a circle whose plane is perpen- 
dicular to HA ; and when the face makes the required angle, 
the point G' is horizontally projected at F : hence, HF is the 
projection of the intersection of the face AHG' with the un- 
known face of the pyramid. Revolving this third face araund 
HB till it coincides with the horizontal plane, the point of which 
F is the projection falls at G, in a perpendiculiir to HB, and at 
u distance from B equal to the hypothenuse of a tiiangle whose 
base is BF and altitude FF" ot FF', the height of the point 
alio^e the plane of the paper. The angle BHG is. hercfove, 
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equal to the side of the triangle opposite the angle A, and PBf 
Eo the angle opposite the side i. The angle C, opposite the 
side c, can be found as in Case I. 



Having given two angles and the included side of a .ipherkal 
triangle, rer/uired tlie olfter parts. 

5 151. PI. 9. Fig. 1. Let ABC be the triangle, A and B tlie 
given angles, and c the given side. 

Draw, in the plane of the paper, the lines HA and IIB, 
making the angle AHB equal to tlie given side c. At any point 
of HB, as B, let a perpendicular BI be drawn, and let the angle 
I'Bi' be made equal to the angle B of the triangle. Conceive 
the line BI' to be situated in the vertical plane whose trace is 
FBI, it will then be a line of the face which malics an angle 
equal to B with the plane of the paper ; tiio lines BI' and HB 
determine the position of this face. Drawing, in like manner, 
a perpendicular AE to the edge HA, and making the angle 
EAD equal to the angle A of the triangle, we determine AD, a 
line of the face which passes through HA, and makes an angle 
e(]ual to A with the plane of the paper. The line AD, whose 
position in space is directly over AE, and the line HA, deter- 
mine the position of this face. The pyramid is therefore 
determined, and the three parts which are unknown are the 
required parts of the triangle. 

Let the unknown faces be intersected by a plane parallel to 
the plane of the paper; it will intersect the faces in lines respect- 
ively parallel to HA and HB. Suppose 1"N to be the dis- 
tance of this plane from the plane of the paper ; PN is the pro- 
jection of its intersection with the face passing through HA. 
From B lay off Bi^ equal to P'N, and draw dd' parallel to BS ; 
(f'S is equal to Bii, and, consequently, to NI"; therefore, S is 
'>ne point of the projection of the line in which the parallel 
plane intersects the second unknown fiice. But the line of 
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intersection is parallel to IIB; therefore, its projection which 
passes through S must be parallel to HB. The point P is, there- 
fore, the projection of a point common to both the unknown 
faces ; hence, it is the projection of a point of their intersection, 
and HPE is the projection of the intersection. Produce AN to 
E, and draw the per]>endicukr ED. With A as a centre and 
radius AD describe the arc DG, and draw IIG ; AUG is equal 
to the side of the spherical triangle opposite the angie B. By 
producing BS to I, erecting the perpendicular II', describing the 
ftrc IT with tho centre B, and drawing the line HF, we deter- 
mine the angle BHF, equal to the side of the spherical triangle 
opposite the angle A. The unknown faces might have been 
found thus: from P draw a perpendicular POM to the edge 
HO, and make OM equal to A!" ; M is a point in the edge of 
the unknown face revolved into the plane of the paper. The 
point M' is found by making O'M' equiil to Pid'. The angle C 
opposite the side c, can be found as in Case I, 



Having given tieo angles and a side oppo.dls one of them, 
required the other parts. 

§ 152. PI. 2. Fig. y. Let ABC be the triangle, A aod B the 
given angles, and 6 the given side. 

Let HA be the intersection of the known face with the plane 
of the paper. Make the angle AHN equal to the side b ; AHN 
is the known face revolved on the plane of the paper. At any 
point of HA, as A, draw the perpendicular NAI, and make the 
angle lAI' equal to the angle A of the triangle : AI' is the re- 
volved position of the intersection of the known face with the 
piane NAI, With A as a centre and radius AN let t!ie arc 
NI be described. From the point I', m which it intersects the 
line Al', demit the perpendicular I'l on the plane of the paper. 
In tlie vertical plane NAD let the line I'D be drawn, making 
the angle II'D equal to the complement of the angle B of tlie 
spherical triangle ; the angle IDI' is equal to the angle B. I et 
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the right-angled triangle I'DI be revolved aroQnd its perpen- 
dicuiar I'l ; it will generate a right cone whose elements make 
with the plane of the paper angles equal to the angle B. Let 
a tangent plane be drawn to this cone through the point H : 
this plane will make with the plane of the paper an angle equal 
to the angle B. Its trace is HB, drawn tangent to the circle 
DB, and BHA is cqua! to the side c. 

The side a is found by revolving II' till it becomes perpen- 
dicular to IB, joinhig I" and B, and describing the arc I"N' 
around the centre E. The angle C might be found as in 
Cass I. If the angle B were obtuse, the tangent plane would 
be passed on the other side of the cone ; if it were a right angle, 
I'D would coincide with TI, and the cone would be reduced 
to a right line ; in this case the trace of the tangent plane would 
pass through the point I. 



gi'jen two sides and an opposite angle of a splierical 
triangle, tojind the other parts. 

§ 153. PI. 3. Fig. I. Let ABC be the triangle, a and b the 
given sides, and A the given angle. 

Let the side b of tiie spherical triangle be placed on the hori- 
zontal plane, and the angle AHC be made equal to it. Mak^ 
the angle CHP equal to the side a ; CII is the intersection of 
the known faces of the spherical pyramid. At any point, as 
A, of the line HI, draw the perpendicular GAS, and make the 
angle DAD' equal to the angle A of the triangle ; AD' is a line 
of the unknown face revolved info the horizontal plane around 
GS as an asis. At any point, as C, of the line HC, conceive 
a plane to be drawn perpendicular to HC. This plane and the 
plane of the lines AD and AD' arc perpendicular to the hori- 
zontal plane ; their line of intersection is, therefore, perpen- 
dicular to it at D. This perpendicular, when revolved into the 
horizontal plane around GD, takes the position DD' ; but when 
revolved around FI as an axis, it takes the position DD". If a 
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line be drawn from D" to I, it will rcprcscni the revolved posi- 
tion of the intersection of the plane FCI with lh« unknown face 
of the pyramid. Let the face CHF be now revolved about 
IIC; it will describe a cone which the plane of the unknown 
face will intersect, in general, in two elements ; and when the 
face CHF has such a position that the line HF is either of 
these elements, all the conditions of the problem are evidently 
answered, and the remaining parts of the pyramid are easily 
determined. Were the cone described, the plane FCI would 
intersect it in a circle of which C is the centr.e and CF the 
mdins ; the points E and E", in which this circle meets the line 
ID", are the two points at which the elements in question pierce 
the plane FCI. As the remaining part of the construction ia 
the same, whether we take the element that pierces at E or the 
one which pierces at E", we can use either, and wil! take the 
one which pierces at E. The line drawn fi-om H to the true 
position of the point E is, therefore, the intersection of the face 
CHF with the unknown face of the pyramid, and HE' is the 
horizontal projection of this intersection. From the point S, 
in which the projection of the intersection meets GAD, draw 
SS' perpendicular to AD ; SS' is the height, above the plane 
of the paper, of that point of the intersection which is projected 
at S. With the centre A and radius AS' describe the arc S'G, 
and draw HG ; AHG is equal to the side c of the spherical 
triangle. 

To find the angle C : join the points C and E ; ECE' is equal 
to the angle C, The remaining angle can be found as in Case 1, 
If ID" were tangent to the circle FEE", the unknown face 
IHG would be tangent to the cone ; in t)iis case there would 
be but one result, or one third side of the triangle, which would 
answer the conditions of the problem. If the line ID" do not 
touch or cut the circle FEE", the conditions of the problem ai'c 
impossible, and then no triangle can be coustracted with such 
data. 
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The three angles of a spherical triangle icing given, to find 
the sides. 

5 154. PI. 3. Fig. 2. Let ABC be the triangle, and A, E, 
end C the given angles. 

Let G'l be tlie intersection of two planes at right angles to 
each other. Draw a plane perpendicular to the vertical plane, 
and making one ofllie given angles, as A, for example, vffith the: 
horizontal plane : ho, be are its traces. If now a plane can be 
drawn, making with the plane {bo, be), and with the horizontal 
plane, angles respectively equal to the angles C and B, these 
tliree planes will form a triangular pyramid whose diedral angles 
will be respectively equal to the angles of the triangle. To 
draw this plane, take any point within the angle which the plane 
{bo, be) makes with the horizontal plane ; and let this point be 
the common vertex of two right cones whose axes arc respect- 
ively perpendicular to the planes, and whose elements make 
with them angles respectively equal to the angles C and B of 
the triangle. If a plane be then drawn tangent to these cones, 
it will make the same angles with the planes as the elements of 
the cones make ; that is, angles equal to the angles C and B of 
the triangle : hence, this tangent plane is the plane sought. 

Let V be taken for the common vertex of the two cones ; 
it is assumed in the vertical plane in order to render the construc- 
tion more easy. Draw Yo' perpendicular to the horizontal 
plane, and Yn perpendicular to the plane {bo, be). Make the 
angle o'Vd equal to the complement of the angle B, and the 
angle wV/ equal to the complement of the angle C. Let the 
right-angled triangles Vo'd and Ynfbe revolved about their per- 
pendiculars Yo' and Yn ; they will generate the two right cones 
whose elements make, respectively, with the horizontal and 
oblique planes, angles equal to the given angles B and C. It is 
now retjuired to draw a tangent plane to these cones. 

Inscribe a sphere in each cone, and draw a plane tangent (o 
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these apfieres through the point V ; this plane will be tangent 
to both cones, and, consequently, the plane required. I^t the 
spheres to be inscribed be equal. At d draw dg perpendicular 
to the element Yd ; the point g, in which it meets the axis of 
the cone, is the centiecf a sphete jnsciibed in the cone whose 
axis is Vo'; gd is the radiii'^ of the iphcie and qd is the vor- 
tical projeclion of its circfe ot contact with the cone. To 
inscribe an equal sphcte m the other cone; at the vertex V, 
draw Yk peipcndiculai to the element "Vm nnd make it eqjial 
to dg ; draw km pai lUel to Vn and fiom the point m, in which 
it cuts the element pioduced, diaw mu paiallcl to Yk, or per- 
jiendicular to Ym ii ts the centre and um the radius of the 
second sphei e , m* is th" vertical projection of its circle of con- 
tact with the cone It is lequired to diaw a tangent plane ts 
these spheres through the point V 

Let the plane (bo, be) be moved parallel to itself till it etn 
braces the circle of contact of which ms is the projection ; it 
then becomes the plane (FD, FG). Let the points u and g^lio 
joined ; W"- is a line of the vertical plane. Suppose a cylinder 
of which this line is the axis to be tangent to both spheres. A 
I)Iane drawn through the point V, tangent to this cylinder, will 
be tangent lo both the spheres and to both the cones, and will, 
consequently, be the plane required. But since this plane is 
tangent to all the surfaces, the element in which it touches the 
cylinder touches the cones and spheres, and therefoi-c passes 
through the points in which the circles of contact of the cylin- 
der and spheres intersect the circles of contact of the cones and 
spheres fo these aie the only points common to ill the sur- 
lacef Thtough ^ let gt be drawn perpendicular to gu it 
wdl represent the vertic d picjectun of the c tcL of contact of 
the -iphere whose centre is g wiUi the cylinder The plane of 
this circle intersects the plane of the circle of contact of the 
sphere and cone in a hoiiznntd line which is vertically pio- 
jected at t the po nts m which thi" line intersects the circle 
ot contict ire common to the cone spheie and c\lindcr. 
Ihe element of the c\hnder passing thrtueh eilliir of t lese 
points 1 the dement thituffh which the tingent phnt 11 to be 
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drawn. The horizontal trace of this plane must be tangent to 
the base of the cone (84) ; the line DCI, d]-awn tangent to the 
base of the cone at the point C, is therefore the horizontal trace. 
As the tangent plane is to contain the point V, its vertical trace 
is IVG. The point D is the vertex of the pyramid, and the 
angles included between the edges arc easily found. Revolve 
the plane (DF, FG) into the horizontal plane, around DF as ao 
' axis. The point G falls at G', and DG' is the revolved position 
of the edge of the pyramid of which DG" is the horizontal pro 
jection : the angle FDG' is equal to the side b of the triangle. 
We can verify this result by considering the circle of contact 
sm. In the revolution, its centre p describes the arc pp' : witii 
_p as a centre, and^'s', equal to^s, as radius, describe a circle ; 
the line DG' should be tangent to this circle. The point which 
is common to the sphere, cone, and cylinder is vertically pro- 
jected at h : this point, in the revolution, describes the arc M' : 
the ordinate h'k" should pass through the point of contact. The 
side a is easily found, and may be constructed bythe student. 
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SPHEIUCAL PROJECTIONS. 



CHAPTER XI. 



^ 155, To conceive of the whole surface of the eartii, and 
ihc positions of objects situated on il, it is necessary to have 
secoiirse either to artificial globes or to drawings whicii repre- 
sent the earth and the different points of its surface. 

§ 156. As it is quite difficult to construct artificial globes, and 
indicate on them the different places upon the surface of the 
oartb, as well as their relative positions, the methofl by draw- 
ings, or the representation on planes, has been generally 
iidopted. 

§ 157. SniERicAL PiiojBCTiOKS show the manner in which 
these di-awings are to be made, so that they shall present to the 
eye, situated at a particular point, the same appearance as the 
sphere would present if the drawmg were removed and the 
splicre placed in its stead. 

^ 158. Three kinds of pmjections are generally used to make 
these representations, viz. the Orthographic, the Slercograpkic, 
jind the Globular. 

§ 159. The plane of that circle of the sphere on which the 
i'c presentation or projection is made, is called the Priruitwe 
Plane ; and the intereection of this plane with the surface of the 
'■.j)here, the Primitht^ Circle. 
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§ 160. In tbe Orthographic projection the eye is supposed to 
be situated in the axis* of the primitive circle, and at an iiifinite 
distance from its plane. 

§ 161, In the Stereograph ic projection the eye is placed at 
the pole of the primitive circle, whose plane in this, as well as 
in the other projections, is supposed to offer no obstruction to 
seeing that part of the sphere which lies beyond it. 

§ 163. In the Globular pi'ojection the eye is supposed to be 
jiiluaied in the axis of the primitive circle, without the sur- 
face of the sphere, and at a distance from it equal to the sine 
of 45°. 

§ 163. It has sometimes been found convenient to draw a 
cylinder tangent to the earth in the circumference of some one 
of its great circles, or a cone tangent to it in the circumference 
of one of its small circles ; to suppose the eye to be at the centre 
of the sphere, and to project from this point all the circles on 
the tangent cylinder, or cone : then, by developing the surface 
of such tangent cylinder, or cone, the surface of the sphere will 
be reduced to a plane, and we can easily conceive of the dif- 
ferent positions of its points. The Orthographic and Stereo- 
graphic methods are, however, the most common and the most 
useful. We shall treat of these projections only. 

§ 164. Before examining in what manner the sphere is to be 
projected by these methods, we shall define those points and 
circles of the sphere to which particular names have been 
given, which are used by geographers in locating places on 
the surface of the earth, and which are generally delineated on 
maps. 

§ 165. The line about which the earth revolves is called its 



* The axis of a circle is a line paasing through its centre, pcrpejidicular lo 
its planB : the points in which this line meots the surface of the spliere are called 
liie poles of the circle. Either pole is at the siime distacce fmia every point of 
the circuin&ronce of tJie circle ; since, if a line be peipendicular to a phiiie all 
points of the plane equiiliBtant from the foot of the perpendicular are equidistant 
from any point of the line. The distance from tie pole to any point of f ho cir- 
cumfersncB of a circle, measuteJ on the sphere e ciillcd tlio polar dietance of 
the circle. 
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asia ; the points in which the axis pierces the surface are called 
the poles ; one the north, the other the south pole. 

§ 166. The circumference of the great circic whose plane 13 
perpendicular to the axis, is called the equator ; and this cir- 
cumference is 90" from the poles, 

5 167. Circles whose planes pass through the axis of the 
eartli, and which are consequently perpendicular to the equator, 
are called meridians. Twelve entire circles, or twenty-four 
semicircles, fifteen degrees distant from each other, are gene- 
rally represented on the maps of the earth : the semicircles are 
called hour circles. Although every point on the surface of 
the earlh has its meridian, yet, for the aalte of convenience, we 
shall project the hour circles only. 

5 168. The distance of any point from the equator, tneasui-ed 
on the meridian passing through it, is called the latitude of the 
point, and is north or south according as the place is north or 
south of the equator. 

§ 169. Sroali circles parallel to the equator are called par- 
allels of latitude. 

§ 170. The ecliptic is a great circle making an angle of 23° 
30' nearly, with the equator ; the points in which it intersects 
the equator are called the equinoctial points. 

§ 171. The meridian paseijig through the equinoctial points 
is called the equinoctial colure, and the meridian which is per- 
pendicular to this last is called the solstitial colure. The points 
in which the solstitial colure intersects the ecliptic are called 
solstitial points ; the parallels of latitude passing through these 
points are called tropics; the one north of the, equator the 
tropic of ('ancer, the one on the south of it the tropic of Cap- 
ricorn. 

^ 179. The parallels of latitude wnich are 23° 30' distant 
from the poles, measured on a meridian, are called polar circles ; 
the one around the north pole the arctic circle, and the one 
aixjund the south pole Ihe antarctic circle, 

§ 173 The horizon of any place is the circumference of a 
great cn-c!e whose plane is perjiendicular to the radius passing 
through tlie place. 
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§ 174. Theelevationof the pole above the liormm of any place 
is equal to the latitude of that place. For, let (PI, 1. Fig. 1) 
HESP be the meridian passing tlirough tlie place P on tlie 
surface of the sphere ; HO perpendicular to PP', the horizon, 
NS the axis, and EQ the equator. The arc NH measures ihe 
elevation of the pole above tlie horizon, and QP is the latitude 
of the place (168). But the arc PNH is equal to 90^ (173), 
and QPN 19 also equal to 90' (166) ; taking away the common 
part PN, there remains NH equal to PQ ; that is, the elevation 
of the pole above the horizon ofany place is equal to tiie latitude 
of that place. 

We may also remark, that the distance QO from tlie 
equator to the horizon is equal to NP, the complement of the 
latitude. 

§ 175. The angle included between the planes of twocii-cles 
is equal to the angle contained by their axes, since the axes 
arc respectively perpendicular to the planes. This is shown 
in Fig. 1, where NS is the axis of the equator, and PP the 
axis of the horizon: it is evident that the angle NP'P, con- 
tained by the axes, is equal to the angle ilP'E, contained by the 
planes. 

5 176. The line of measures of any circleis the lineofinter- 
seclion of the primitive plane, and a plane passed ihioiigh tht 
axis of the primitive circle and the axis of the given circle 
This latter plane is perpendicular to the phncs of both the 
circliiS, since it contains lines respectivelj pei pendicular to 
them : hence, its trace on the primitive plane is perpLndicular 
to the line in which the plane of the given cutle uileis (ts tU 
primitive plane. 
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CHAPTER SII. 



.I'HIC I'KOJECTIOK. 



§ 1T7. In this projection, wliicli la the same as we have used 
in Descriptive Geometry to represent geometrical magnitudes, 
ihe eye, or projecting point, being at an infinite distance from 
the plane of projection, the projecting lines through the different 
points to be projected are perpendicular to the plane of pro- 
jection. The manner of making the projections of points and 
right lines has already been shown, and no further remarks on 
this part of the subject scena necessary. 

§ 178. The projections of all circles whose planes are per- 
pendicular to the primitive plane are right lines (82). 

§ 179. Every circle which is parallel to the primitive plane 
is projected into a circle equal to itself; for the projecting lines 
through the different points of its circumference form the sur- 
face of a right cylinder ; and the intersections of a right cylin- 
der, by parallel planes, are equal. 



THEOREM I. 

The prqjeclions of all ch des oblique to the primitive plane are 
ellipses. 

§ 180. PI. 1. Fig. 2. Let ADB be a circle in the plane of 
ihe paper, AB one of its diameters, and CD a radius perpen- 
dicular to AB. 

Revolve the plane of this circle around AB till the point 
D shall be elevated above the plane of the paper any con- 
venient distance, as D'D"; join C and D"; the plane of the 
triangle D"CD', in its true position, is perpendicular to the 
liinr.e of the paper, though it is now revolved into this plane 
around the axiy CD. The angle D"CD' is equal to the angle 
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which the plnne of the circle to be projected makes with the 
plane of the paper, and D' is the projection of one point of its 
circumference. Now we have this proportion, CD" : CD' : ; 
radius : co-sine of the inclination of the planes. At any point 
of AB, as N, conceive a plane to be drawn perpendicular to it, 
and let this plane be revolved around NI till it coincides with 
the plane of the paper ; the point of wliich I' is the projection 
falls at I", making the distdnre NI equ il to NI : the angle 
I"NI is equal to the mclmition ci the planes ; that is, equal to 
the angle D"CD'. But in the tnan^le NI"!' we have NI' : 
NI' : : radius : co-sine of the inclination of the planes. Com- 
paring this wjlh the previous piopoition, we see that the third 
and fourth terms of each are the same ; therefore, the first 
couplets are proportional; that is, CD" : CD' :: NI" : NI', or 
CD'^ . CD" : : NI"" : NI'^ But CD'^ or CD^ is equal to 
AC.CB ; and NI'", or NI=, is equal to AN.NB : therefore, 
AC.CB : AN.NB : : CD^ : NI'' ; that is, the rectangles of the 
abscissas are to each other as the squares of their corresponding 
ordinates; and as this is a known propeityofan ellipse, we con- 
clude that the projections of all circles obliijue to tke plane on 
wliich tim) are projected are ellipses. The semicircle which is 
above the plane of the paper is projected into tlio semi-ellipse 
AD'S ; the semicircle below the plane of the paper, into the 
semi-ellipse AFB. 

§ 181. We SCO that the transverse axis AB is equal to the 
diameter of the circle, and that the semi-conjugate axis CD' is 
equal to the cosine of the inclination of the plane to the radius 
of the circle which is projected. If the plane on which the 
projection is made should not pass through the centre of the 
circle, its projection is still in ellipse ■ for, conceive a plane to 
be passed through its centre pa ^llel to the primitive plane, the 
projections of the circle on these parallel planes are equal 
curves. The projection of i td ne r which is parallel to 
the primitive plane, is the trans e e ax s of the ellipse ; for 
this diameter is projected nto s u length, and all the other 
diameters, being oblique to the primitive p,ane. arc projected 
inlo hncs less than themselves. That diameter of the circle 
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which is perpemHculiir to tlie one that is paiallel to lUe pnmi- 
tive plane, will, in projection, be the conjugate axis of the ellipse. 
For, the two lines being at right angles in space, and one oi' 
them parallel to the plane on which they aie piojecled, their 
projections are also at right angles (51), The tfnijugate axis 
will evidently lie in the line of measures, since its projecting , 
plane is perpendicular both to the primitive plane and to the 
plane of the projected circie. The length of the conjugate axis 
is the same, whether the primitive plane does or docs not pass 
through the centre of the circle which is projected. The pro- 
jections of all circles made by the orthographic method are 
either right lines, circles, or ellipses. 

§ 183. If the whole surface of a sphere were projected on a 
plane passing through the centre, it is evident that each point 
within the circumference of the primitive circle would be the 
projection of two points of the surface of the sphere, since each 
projecting line meets the sphere in two points. !n order t<) 
delineate the whole surface, so that each point of projection 
shall represent but one point of the suri'ace, we generally jiro- 
ject that hemisphere which is nearest the eye, and then revolve 
the other hemisphere 180°, around a line tangent to the piimi- 
live circle, thus bringing it between the eye and the primiti\e 
plan& ; and then project it from lliis position. 



I'liOBLEM !. 

To project the circles of Hie sphere mt the plane of the equinoctial 
colure. 

§ 183. PI. 1. Fig. 3. Let SE'NE be the et]uinocti;il colure, 
and suppose the eye to be situated above the plane of the paper. 

Assume any point, as N, for the place of the north pole, and 
draw the line NIS; NIS is the projectionoftho solstitial colure, 
and S is the projection of the south pole. The equator, iieing 
o great circle perpendicular to the primitive plane, is projected 
into EE' perpendicular lo NS, and E and E' are the equinoctial 
points. The ecliptic passes through E nnd E' ; and as it makes 
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witii the equator ao angle of 23^°, it makes with the equinoc 
[iai coiure an angle equal to 66^° ; its projection, therefore, is an 
ellipse whose transverse axis is EE', and whose semi- conjugate 
axis is ID, the cosine of 66^°, to the radius IE, Laying off 
from S, with a scale of chords, or protracter, SC equal to 66j°, 
and drawing CD parallel to EE', determines ID, the cosine of 
661", and the semi- conjugate axis of the ellipse EDE. The 
projections of all the meridians have the common transverse 
axis NS; and laying off from I, on their common line of meas- 
ures EE', the cosines of 15°, 30°, 45°, &c. determines the 
extremities of their conjugate axes, and having the axes, the 
ellipses are easily described. The half of the meridian which 
iies above the plane of the paper, and makes with it an angle 
of 60°, is projected into the semi-ellipse SFN ; IF, the cosine 
of the inclination, is equal to half the radius IE'. The semi- 
meridians which lie between the solstitial coiure and the senii- 
circie NES are projected by laying off the cosines of their 
inchnations from I towards E. 

The parallels of latitude, being perpendicular to the primitive 
plane, are projected into right lines (89). To find the projec- 
tion of the arctic circle, lay off from N to A' 23^", and draw AA' 
parallel to EE' ; A'A is the projection of the arctic circle. The 
projection of the tropic of Cancer is found by laying off NB 
equal to 66i° and di-awing through B a parallel to EE'. The 
antiii^lic cncle and the tiopic ot Cipiicorn are found in a 
simihr mannei The piojoction of the tropic of Capricorn 
pa^ist-s through D and is nngenl to the plhpse EDE' ; for D is 
the piojtctitn of the southern aoKtitid pomt, at which point the 
ecliptiL, touches the tropic in fpace 

Let the hf^misphere whKh is behm 1 the plane of projection 
be re\oKcd 180' ^lound t line through E' parallel to NS; 
this bungs the hemisphere in fioi t of the primitive plane. It 
now has the same position with the primitive plane as the hemi- 
sphere which has been projected, and its projection is made in 
a similar manner. The line E'Q is the projection of the remain- 
ing half of the equator, end E'D'Q of the remaining half of the 
ecliptic. I'he line N'S' is the projection of the half of the sol- 
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slitial colure corresponding to NS, and N'GS' the projection 
of the half of the meridian corresponding to SFN ; the projec- 
tions of the parallels of latitude are also drawn in the figure. 

§ 184 If the projection of the sphere were made on the sol- 
stitial colure, it would be the same in every respect as the one 
just constructed on the equinoctial colure, excepting that the 
ecliptic would be projected into the right line CIB passing 
through the centre of the primitive circle ; ibr, the solstitial 
colure is perpendicular both to the ecliptic and equator. Con- 
ceive the line EDE'D'Q to be removed, and the figure will 
represent the projection of the sphere oil the plane of the sol- 
stitial colure. 



i'ROBI.EM II. 

To project the sphere on the plane of the equator. 

5 185. PI. 2. Fig I. Let AEBD represent the equator, and 
suppose the eye to be placed on the north of it : under this sup- 
position the northern hemisphere will be first projected. 

The meridians are projected in right lines passing through 
the centre N : for tlie planes of the meridians are perpendi- 
cular to the primitive plane and pass through the axis of the 
sphere, and the axis is projected at N. The centre N is also the 
projection of the north pole. Let A and B be assumed for the 
equinoctial points; ANB is the projection of the equinoctial 
colure, and DNE of the solstitial colure. To project a meri- 
dian making any angle with the equinoctial colure ; lay off from 
A an arc AF equal to this angle, and through the extremity F 
draw the diameter FNN' '■ this line is the projection required. 
Every diameter passing through N is the projection of a meri- 
dian. The ecliptic makes on mgle of 23-^-" with t!ie equator, 
and passes through the equinoctial points A and B : hence AB 
is the transverse axis, and NI the cosine of 23|°, tiie semi- 
conjugate axis of tiie ellipse into which it is projected. 

The parallels of latitude being parallel to the primitive plane, 
iJieir projections are circles [}79) ; N, the projection of the 
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axis of the sphere, is their common centre, and the radii witli 
wlii<;h they ai-e described are the sines of their pokr distances ; 
for the radius of any small circle of the sphere is equal to the 
sine of its polar- distance. The projections of the tropic of 
Cancer and the arctic circle are de b d ab u N as a centre, 
and with radii respectively equal o I e ne o 66^°, and the 
sine of 23^". The projection of he p c of Cancer passea 
through the point I. By revolv g 1 u 1 e n hemisphere 
in front of the primitive plane, a on ! 1 ne ingent to the 
primitive circle at B, its projection an be n de in the same 
manner. The remaining half of tie e Ip c ! e antarctic circle, 
whose radius is SQ', equal to the & *> the tropic of 

Capricorn, whose radius is Sr, ai 1 le n I ns made iiithe 
figure, are easily recognised, 



PROBLEM ITl, 

To project ike spftere on the Iiorizon of any place ; that place, 
for example. Hie latitude oftoliick is 45" north. 

5 186. PI. 3. Fig. % Let ADBC be the horizon, and A and 
B the equinoctial points. The elevation of the polo above the 
horizon is equal to 45°, the latitude of the place (174). 

The eqainoctial colore pisses thiough the points A and B, 
and makes an angle with the horizon equal to the elevation of 
the pole above it ; that is, equal to the latitude of the place. 
The line AB is the trans'seiso axis oi ll e ellipse into which it 
IS projected ; and ON, the cosine of 45", is its tse mi- conjugate. 
The semi-ellipse ANB is the projection of that part of the colure 
which is above the horizon. Tiie point N is the projection of 
the north pole, and CN is the versed-sine of the latitude. The 
equinoctial colure intersects the planes of the parallels of latitude 
in lines pai'allel to AB, its intersection with the equator ; that 
is, in lines parallel to the primitive plane, since AB is a line of 
that plane. These lines are diameters of the parallels of !ati 
<iide. their projections are equal to the lines themselves, and 
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are the transverse axes of the ellipses into whicii the parallels 
are projected ; and the vertices of these axes are all found in 
the projection of the equinoctial colure. Let the plane of the 
equinoctial colure be revolved around AE till it coincides with 
the primitive plane. The pole falls at C. Fram C lay off 23^° 
to E ; the chord EG is the line of intersection, in its revolved 
position, of the plane of the equinoctial colure and the plane of 
the arctic circle. Let the plane be revolved back again ; E'G' 
is the projection of this diameter, and is the transverse axis of 
the ellipse into which the arctic circle is projected. In like 
manner, making CL equal to (56^", drawing LP parallel to AB, 
erecting the perpendiculars LL' and PP' to AB, determines 
L'P', the transvei-se axis of the ellipse which is the projection 
of the tropic of Cancer. The transverse axes of the projec- 
tions of any number of parallels of latitude may be found in 
the same manner. 

To find the conjugate axes. The points in which the trans- 
verse axes intersect tiie line CD are the centres of the ellipses. 
The planes of the parallels of latitude, being parallel to the 
plane of the equator, make the same angle with the primitive 
plane ; that is, an angle equal to the complement of the latitude, 
oi' 45°. Find the h CO f 4 he radius of the piir- 

aliel; this cosine In j s of the ellipse into 

which the parallel f I i p j d The conjugate axis 
is determined by 1 y ti 1 d on both sides of the 

centre of the ellip 1 In CD (IJO) Those parallels of 

latitude whose northetn polar distances are less than 45" will 
be entirely above the horizon, and will therefore be seen, while 
those whose polar distances are greater than 45° pass beiow tlie 
horizon, and therefore a part of them will not be seen. The 
tropic of Cancer passes below the horizon at the points b and w. 

The equator and ecliptic will be next projected. The line 
AB is the transverse axis of the ellipse which is the projection 
of the equator. Laying off from the distance OU equal to 
the cosine of 45°, OU is the semi- conjugate axis. The semi- 
ellipse AUB is the projection of that part of the equator which 
is above the primitive plane. If that half of the echptic which 
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is on the upper hemisphere lie between the equator and north 
pole, it would make with the primitive plane an angle greater 
than the angle which the equator makes by 23^° ; but if it lie 
between the equator and south pole, it will make with the 
primitive plane an angle iess than the angle which the equator 
makes by 23^°. It is taken in the latter position. AB is the 
transverse axis of the ellipse into which it is projected, and OU', 
equal to the cosine of 31J-°, is the semi-eonjugate axis, and 
AU'B is the projection of that part of the ecliptic which is above 
the primitive plane. 

To project the meridians. Let a tangent plane be drawn 
to the sphere at its north pole : this plane will be perpendicular 
to the axis, and will intersect the planes of the meridians in lines 
making angles of 15° with each other; the points in which 
these lines pierce the primitive plane are points of the traces 
of the meridian planes. To pass this plane. Suppose the 
plane of the solstitial colure to be revolved around CD till it 
coincides with the primitive plane ; the solstitial colure then 
coincides wilh the piimitivc circlf, and the pole falls at N'. 
Through N' draw the Itngent hne N S , the point S, in which 
it meets DC produced, is a pomt of the trace of the tangent 
plane. But, as the p! ine is to be perpendicular to the axis of 
the sphere, its trace must be perpendicular to the projection of 
the axis (49) ; therefore SH, drawn perpendicular to DS, is 
the trace of this plane. Let this tangent plane be revolved 
around its trace SII, from the sphere, till it coincides vifith the 
primitive plane ; the pole falls at N", SN" being made equa) to 
SN', Drawing N"R, making the angle SN"R equal to 15°, 
determines R, a point of the trace of the meridian plane which 
makes an angle of 15° with the solstitial colore ; for N"R is the 
revolved position of the intersection of this meridian plane with 
the tangent plane, and the point R, being in the trace, remains 
fixed. But the point O is another point of the trace of this 
meridian plane ; the trace can therefore be drawn. Laying 
olfthe angle SN'R' equal to 30° determines R', a point in the 
trace of the meridian plane that makes an angle of 30° with the 
solstitial colure. Thus, laying off at N' and from the line 
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N"D, an angle equal to the angle which any mcriciian plans 
makes with tlic solstitial colure, determines a point of its trace 
onlhc primitive plane. The fine 1V"R" makes an angle of 45° 
with N"D : hence, R"C'V is the trace of that meridian plane 
which makes an angle of 45" with the solstitial colure, iind 
C'V is the transverse axis of the ellipse into which the meridiaii 
is projected. In a similar manner, tlie transverse asis of the 
ellipse into which any meridian is projected can be found. It 
only remains to find the conjugate axes, and then the ellipses 
can be described. To find the conjugate asis of the ellipse 
whose transverse axis is C'V. Through the [loh let a plane 
be drawn perpendicular to C'V ; NA' is its horizontal trace. 
Let this plane be revolved to coincide with the primitive plane ; 
the pole falls at P" ; A'P" is the intersection, revolved, of the 
perpendicular and meridian planes, and i*"A'N is equal to the 
single included between the meridian and primitive planes. 
Find the cosine of this angle to the radius of the primitive 
circle, and lay it off from O to S', in the line of measures OS' ; 
OS' will be the semi-conjugate axis. Or, the semi- conjugate 
axis may be found by a better construction, thus : produce A'N 
and OS' til! they meet the circumference of the circle in tlie 
points N" and S". Draw the line S"N", and produce it till it 
intersects VCR" at M, Draw a line through M and N ; the 
point S', in which it meets OS", is the extremity of the semi- 
conjugate axis. The semi-ellipse VS'C is the pnijection of that 
part of the meridian which is above the primitive plane. In the 
same manner any number of meridians csn be projected. The 
other hemisphere is revolved in front of the primitive plane, 
and its projection made in the same way. The figure shows 
the circles that are projected, 

§ 187. By considering the principles ol' the orthographic 
projection, we see that if the primitive circle he a great circle 
of the sphere, all the points of the surface are projected within 
it, and tiiat the projection of any point is at a distance from the 
centre of the primitive circle equal to the sine of the arc inter- 
cepted between the point on the surface of the sphere and eithei' 
Dole of the primitive circle. 
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Tlie poles of any circle are projected in its line of measures 
Bt distances from the centre of the primitive circle equal to the 
sine of its inclination. They are projected in the lino of mea- 
sures, since they are projected in the trace of the plane passing 
through the poles and perpendicular to the primitive plane (176). 
They are projected at distances from the centre of the primi- 
tive circle equal to the sine of the inclination ; since the arcs 
iiitsrcepted between tiie poles of the primitive circle and 
the poles to be projected, are equal to the inclination of the 
cir(.ios (175) 



CHAPTER Xfli. 



§ 183, !n tliis projection, the eye, or projecting point, is sup- 
posed to be at the pole of the primitive circle (161). 

5 189. The projection of any point of the surface of a sphere, 
is the point in which the line drawn through it and the eye 
pierces fhe primitive plane. 

§ li^O. The tangent of half an arc is called the semi tangent 
of the arc ; thus, if the arc be sixty degrees, its semi-tangent is 
the tangent of thirty degrees. 

§ 191. The polar distance of a point is its distance from that 
pole of the primitive circle which is opposite the eye. 

THEOREM I. 

Tlte projection of any point ofths surface of a sphere is at a 
dbtance from ttie centre of the primitive circle eijued to tJte 
semi-toDgent of its polar distance. 

§ li)3. PI. 2, Fig 2. Suppose a plane to be passed through 
the point to be projected and the axis of the primitive circle, 
and let the plane of tiie paper be this plane : AOPB is the cir- 
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cumference of the circle in which it intersects the sphere. 
Let A be the place of the eye, or projecting point, and BC the 
trace of the primitive plane ; this trace is perpendicular to AP, 
since AP is the axis of the primitive circle. I>et D he the point 
to be projected. iDraw the line AD ; the point D', in which 
it pierces the primitive plane, is the projection of the point D. 
With A as a centre, and radius AP', let the arc P'E be described. 
The angle DAP, being at the circumference, is measured by 
half the arc PD ; but P'D' is the tangent of the angle P'AD' to 
the radius of the primitive circle ; it is therefore the semi-tan- 
gent of the polar distance PD (190), 

§ 193. It follows, from the preceding demonstration, that the 
projections of all points which have equal polar distances are 
equidistant from the centre of the primitive circle : hence, all 
circles which are parallel to the primitive plane are projected 
into circles; .the radii of the projections of suck circles are the 
semi-tangents of their polar distances. 

5 194. The tangent of 45° being equal to radius, it ibllows 
that when the primitive plane passes through the centre of the 
sphere, all points whose polar distances are less than 90° will be 
projected within the circumference of the, primitive circle, and 
all points whose. polar distances are greater than 90° without 
it. The polar distances of the points of the primitive circle 
being 90°, it follows that they are neither projected witlwut nor 
within it, but in it : hence, the primitive circle is its. own pro- 
jection. The polar distance of the pole opposite the eye being 
nothing, this pole is projected at the centre of the primitive 
circlii ; and the eye, whose polar distance is 180°, is projected 
nt an mfinite distance from the centre of the primitive circle. 
It is easily shown from the figure, that all points of the sepii- 
airclc BPC are projected within the primitive cirt^le, and all 
points of the semicircle BAC without it. If through the eye, 
at A, and any point of the surfece of the sphere, a line be di-awn, 
and the point be then moved along the surface of the sphere 
towards A, the lino will make a less and less angle with the 
primitive plane, and when the point unites with A the line 
becomes parallel to the primitive plane and tangent to the 
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sphere. Hence the eye is projected on the primitive plane at 
an infinite distance from the centre of the primitive circle. 

§ 195. Jf the plane of a circle pass tltrotigh the eye, the pro- 
jection of iJte circle.is a right line. For, the line? which are 
drawn from the eye to the different points of the circumference 
are contained in the plane of the ,circle, and therefore pierce 
the primitive plane in the line in which it is intersected by the 
plane of the circle ; that is, in a right line : hence, the prtjections 
of all circles whose planes pass tJirough the eye are right lines. 
The projections of the great circles of the sphere pass through 
the centre of the primitive circle. 

§ 196. The projections of right lines which pass through the 
eye are points. Right lines which do not pass through the eye 
are projected into right lines. For, if through the eye linea be 
drawn to the different points of the right line to be projected, 
they form a plane ; the intersection of this plane with the primi 
tive plane is the projection of the line. 

THEOREM II. 

The projectioiis of all circles oblique to the jyrimitive plane, and 
ivhose planes do not pass through the eye, are circles. 

5 197. P!. 3. Fig. 3. Let the circle to be projected be a 
small circle. 

Through the asis of the circle and the axis of the primitive 
circle suppose a plane to be passed : this plane may be taken 
for the plane of the paper. The circle ACOB is its intersec- 
tion with the sphere. The primitive circle and the circle to 
be projected are perpend icui^ir to this plane. Let A be the 
position of the eye, CB the trace of the primitive plane, and ED 
the orthographic projection of the circle to be projected. Con- 
ceive the circle to be circumscribed by a cone of which A is the 
vertex : the intersection of this cone by the primitive plane is 
the projection of the circle. It is then to be shown that this 
intersection is a circle. 

The point D is projected at D'. and the point E at E'. The 
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lUigle AED being at the circumference, is measured by half 
the arc ABD; tlic angle DD'B, formed by the intersection of 
two chords, is measured by half the sum of the arcs AC and BD, 
or half the arc ABD : hence, the angles AED and AD'E' 
are equal. The triangles AED and AE'D have the angle 
EAD common ; tiiey ai'e consequently equiangular, and have 
the angle ADE equal to the angle AE'D' : hence, the intersec- 
tion of the cone by the primitive plane is a sub-conlrary section, 
and therefore a circle.* But this intersection is the projection 
of the obiicjue circle : hence, the projection of cveiy small circle 
oblique to the primitive plane is a circle, If the primitive plane 
be revolved around CB ti!! it coincides with the plane of the 
paper, the projected circle will be represented by the circle 
described on the diameter E'D'. 

5 198. Had the line ED passed through the centre O', the 



* A cone whose axis is obliquo to the plane of its baas is callcil a scalene cone ; 
nai if it have a eirculai base, a scnleiie cono v.'ith a cii^culai' biise. If the sui'fuee 
of Eucii n cone be intersected by a plane parallel to its base, the Bection is a 
circle ; a cutting plane may be oblique to the plane of the base, in a certain 
angle, and Blill intersect the surface in a circle. Let ABC (PL ^. Fig. 4) be 
the triangle in nbich a scalene cone with a circular base is interseuteil by a 
jilane passing through its axis and perpendicular to the plane of its base. The 
line BO is the orthographic projection of the base on the plane of the paper. If 
nny plane, as EF, be drawn perpendicular to the plane of the triangle ABC, 
nnd making the angle AEF equal to the angle ABC, or tho angle AFE equal 
10 the angle ACB, tMs plane EF will intersect the surface of the cone in a 
circle, and tho section is called a sui-con/rari/ sccHon. Through any point of 
FE, as I, let the plane LIM be drawn parallel to the plane of the base BHC. 
The plane LIM intersects tho plane FIE in a line perpendicular to the plane of 
the paper at the point I; (hia line is a common ord ivae of the two curves in 
which the planes intersect the sarfece of Ihe cone. Since the anirle AEF is 
equal to the angle ABC, that is, to the equal angle ALI, and the opposite angles 
EIM and UF are equal, il follows that the two triangles LIF and EIM are 
eqniangiilar t 

Therefore, LI : FI : : IE : IM ; 

Hence, Lt.IM = Fl;lE. 

But, since the plaiio LIM intersects tho surface of the cone in a circle, LI.IM ia 
equalto'theEquareofthBordinateat thepoint I: hence FI.IE is also equal to 
the square of the ordinate of the curve in which the plane 
iurfiice of th" cone ; consequently, that curve is a circle. 
9* 
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circle projected would have been a great circle. It can be 
shown, by similar reasoning, that the cone having such a circle 
for ita base and A for its vertex, would be cut by the primitive 
plane in a sub-contrary section. 



THEOREM ni. 

If at any ■paint of the surface of a sphere a line be drawn tan- 
gent to the sphere, and produced till it meets the primitive 
plane, the part intercepted between the point of contact and 
the primitive plane isequal to its projection. 

§ 199. PI. 3. Fig. 1. At the point of contact conceive a 
plane to be drawn tangent lo the sphere ; this plane will con- 
tain the tangent line (88). 

Let a plane be passed through the point of contact perpen- 
dicular to the tangent and primitive planes, and take this plane 
for the piane of the paper: ABDC is the circle in which it 
intersects the sphere, BCE is the trace of the primifive plane, 
A the place of the eye, and D the point of tangency. The 
plane of the paper intersects the tangent plane in a line tan- 
gent to the circle in which it intersects the sphere : hence, 1>E, 
drawn tangent to the circle ot D, is the trace of the tangent plane. 
Since the tangent and primitive planes are perpendicular to the 
plane of the paper, th p j d ! to it.; 

therefore, EF, drawn p p d 1 h pi f h paper 

at E, is the intersection i 1 pi E ry g line to 

tlie sphere at Dpierces 1 [ pJ p t of the 

line EF. Let the tang I h p E b fi sj pro- 

jected. The point D i proj d D d E 'n pro- 

jection ; therefore, D'E 1 P ] f h g and it 

only remains to be pro d ! 1 p ] q I to the 

tangent DE' in space. Ih 1 ADE b |, f d by a 

tangent and chord, is d by h 1 h ACD ; the 

angle DD'C, being for d I y h d d by half 

the sum of AB and CD, or half the sum of AC and CD, or 
half of ACD : hence, the triangle EDD' is isosceles, and ED is 
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equal lo ED', But DE', in space, is the hypothenusG of a 
triangle of which DE is the base and EE' the perpendicular: 
D'E' is the hypothenuse of a triangle of which D'E is the base 
and EE' the perpendicular : as the bases of these right-angled 
triangles are equal and their perpendiculars the same line, it 
follows that their hypothenuses are equal. But DE' is the Ian- 
gent line in space, and D'E' is its projection ; therefore, the 
tangent line intercepted between the point of contact and the 
primitive plane is equal to its projection, 

§ 200. Drawing another tangent at the point D, as DF, it 
will pierce the primitive plane at F, and its projection D'F is 
equal to itself. The angle E'DF, which the tangents make with 
each other in space, is equal to the angle E'D'F contained by 
their projections. For, in the triangles DET and E'D'F the 
side DE' is equal to D'E', DF to D'F, and the side E'F com- 
mon; the twotrianglesarethereforeequal,and the angle E'DF 
is equal to the angle E'D'F ; that is, the angle contained by tlie 
tangerUs in speece is equal to the an^le contained by tlieir pro- 
jections. 

5 20 1 . If a right line be tangent lo a circle of the sphere, the 
projection of the rigid line is tangent to tJie projection of tlm 
circle. For, the projection of the circle is the intersection by 
the primitive plane of the cone of ^yhich the circle is the base 
and the eye the vertex; the projection of the right line is the 
intersection of the plane passing through it and the eye, with 
the primitive plane : but the plane which projects the line is 
tangent to the cone which projects the circle ; their intersec- 
tions with the primitive plane are, therefore, tangent to each 
other. 

§ 303. Tlie angleformed bij the arcs of two circles intersecting 
on the surface of a sphere is equal lo ttie angle contained by 
their projections. For, the angle contained by two arcs inter- 
secting on the surface of a sphere, is measured by the angle con- 
tained by two right lines drawn tangent respectively to the arcs 
at fheir point of intersection : the angle contained by the pra- 
jections of these arcs is also measured by the angle of their 
tangents: hut the projections of the tarigcnl* are tan, gent to 
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the projections of the arcs C-iOl) ; and the angle contained by 
the projections of the tangents is equal to the angle of the tan- 
gents in space : hence, the angle contained by the projections 
of the arcs is equal to the angle formed by the arcs on the. sur- 
face of the sphere. 

5 203, If from the centres of the projections of two circles 
*adii be drawn to the points in which their circumferences 
'jitersect, they will make the same angle with each other as 
the two tangents drawn to the circles at the same point, since 
they are respectively perpendicular to the tangents. 

Hence, the radii drawn through either point in which the 
projections of circles intersect, make an angle with each other 
equal to that which the circles themselves formed on the sur- 
face of the sphere. 



THEOREM IV, 

74e centre of the pr^ectUm of a great circle is in the line o/ 
measures, at a distance from the centre of tlie primitive circle 
equal to the tangent oftlw inclination of the circles; and the 
adius with lokich the prelection is described is equal to the 
secant of tJie inclination. 

§ £04. PI, 4. Fig. I, Let ACA'B be a circle passed through 
the axis of the primitive circle and the axis of the circle to be 
projected, A the place of the eye, P"'BT)' the trace of the 
primi'ive plane, and ED the orthographic projection of the circle 
to be projected : F"BD' is its line of measures (176). 

The point D is projected at J)', and the point E at E' ; E'D' 
is a diameter, and S, the middle of E'D', the centre of the circle 
into which ED is projected. With S as a centre, and SE' oi 
SD' as radius, let the circle be described in the primitive plane. 
Since all lines in the primitive plane are projected orthographi- 
.tally in P"'D',they can only be presented to the eye by revolving 
the pi'imitive plane to coincide with the plane of the paper, 
l^fit it be revolved around P"'D' : the points E', S, and D' remain 
fixed, being in the axis ; the point directly over falls at A', 
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llie primitive circle coincides with the circle ACA'B, and AD'A' 
is the projection of the circle DE. As the primitive circle is 
its own projection, it follows that the angle SAO is equal to the 
inclination of the circles (203) ; that is, equal to the angle EOB. 
But OS is equal to the tangenl of the angle SAO, to the radius 
of the sphere, and AS is its secant ; therefore, the centre of the 
circle AD'A' is in the line of measures at a distance from the 
centre of the primitive circle equal to the tangent of the inclina- 
tion, and its radius is equal to the secant of the inclination. 



THEOREM V. 

The poles qfacircle are prqjecled in its line of measures ; the 
one fe^hest from tlie eye, at a distance from the centre of the 
primitive circle equal to ilie semi-tangent of the inclination of 
the circles ; (/te one nearest the eye, at a distancefrom ilie centre 
of the primitive circle equal to the semi-cotangent of tJte 
hiclinatj/m. 

^ 205. Since the axis of every circle of the sphere passes 
through the centre of the sphere, a plane can be drawn through 
the poles to be projected and the axis of the priuiitive circle. 
As this plane passes through the eye, the poles will be pro- 
jected in its Iracc; that is, in the line of measures of the circle 
to which they belong (176). 

Let DE (PI, 4. Pig. 1) be the oi-thographic projection of a 
circle, PP' its axis, P and P' its poles, and AA' the axis of the 
primitive circle. The pole P is projected at P", and the pole 
P' at P'". The angle A'OP is equal to the inclination of the 
circles (175) i and the angle A'AP is half this angle, being an 
iijgle at the circumference, and standing on the Game arc A'P. 
But OP" is the tangent of the angle P"AO; it is therefore the 
semi-tangent of A'P, or the semi-tangent of the inclination. 
The angle PAP' is a right angle, being an angle in a semicircle ; 
tiierefore, OAI"" is the complement of OAP, or the comple- 
ment of half the inclinatiodof the circles: consequently, OP"', 
Ijie tangent of iho ;ingb OAP'", ar the cotungent of OAP", is 
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the cotangent of half the inclioation of tiie circles, or semi- 
cotangent of their inclination. 

Since the poles of a great circle and of a small circle parallel 
to it are the same, it is evident that the poles of a small circle 
are also projected in its line of measures, and at distances from 
the centre of the primitive circle equal to the semi-tangent and 
SGiTii- CO tangent of its inclination. 

THEOREM VI. 

The centre of the projection of a small circle perpendicular Co 
the primitive plane is in the line of measures, at a distance 
from the centre of tfte primitive circle equal to the secant of the 
circle's polar distance, and the radius of the projection is equal 
to the tangent of ike polar distance. 

§ 306. PI. 4. Fig. 3. Let ADEB, in the plane of the paper. 
be the circle in which the plane through the axis of the primi- 
tive circle and the axis of the lesser circle intersects the sphere, 
A the place of the eye, D'B the trace of the primitive plane, 
and ED the diameter of the lesser circle to be projected 

The extremity D of the diameter is projected at D , tlie 
extremity E at E', and E'D' is a diameter of the projected circle. 
Bisect it at G, and suppose the circle to be described in tlie 
primitive plane. Let the primitive plane be revolved around D'B 
to coincide with the plane of the paper. The primitive circle will 
then coincide with the circle ADEB, and DE'ED' is the projected 
circle thus revolved. The lines DO. and DG, passing through 
P, the point in which the circumferences of the circles inter- 
sect, are perpendicular to each other, since tlie circles are al 
right angles in space (203) ; GD, therefijre, is tangent to the 
circle ADEB. But CD is the polar distance of the small circle, 
GD is the tangent, and OG is the secant of this arc ; therefore, 
the distance from the centre of the primitive cii-cle to the centre 
of the projected circle is equal to the secant of its polar dis- 
tance, and the radius with which it is described to the tangent 
of the polar distance. 
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THEOREM VU. 

1%e extremities of a diameter of a small circle oblique to Hie 
priftiitioe plane are pivjected in its line of measu-res, at dv<- 
tances from tlte centre of the primitive circle equal to the semi- 
tangent of the inclination plus the polar distance, a:nd the 
semi-tangent of Hie difference between the inclination and 
ptdar distance; tlie prelections of iliese extremities are on the 
same side of the centre of the primitive circle when tJie polar 
distance is less than tite inclination, and on different sides 
when it is greater. 

§ a07 P3 4 Ti^ 3 Suppose the plane of the pnper to 
pass through the ixis of the primitive circle, and the axis of 
the circle to Ix, projected ; and let ABA'C be the circle in 
which It intersects the '«phere I^et A be the position of the 
eye AA the as ? cf the primitrte circle, OP the axis of the 
ciicle to be projected an J HG it« t rtlio-^rdphic projection; 
PG la Us polar di tance nnd PA. it's inchnation. 

I he p3mt II !s piojectnl in ihe line of measures Et H', aiiis- 
tance from the centi u of t!ie primKire nrcle equal to the semi- 
tangent of A'H ; tint j=, the eemi tingent of A'P the inclinution, 
plus PH the po!at distance fhe print G is projected at G', a 
distance fi-orn the Centie of the primitive circle equal to the 
semi-tangent of A G thit is the <!eini tangent of the inclina- 
tion A'P, minus the pohi dist inte GP G'H' is a diameter of 
the circle into which the circle HG is projected. 

For the second case, take a circle parallel to GH, and whose 
orthographic projection is DE. The polar distance PD of this 
circle is greater than PA', its inclination. It is plain that the 
point D is projected at IV, and the point E at E'. The line 
OD' is the semi-tangent of A'D ; that is, of PD minus PA' : 
hence OD' is equal to the semi-tangent of the polar dis- 
tance minus the inclination. It is plain, that OE' is equal to 
the semi-tangent of A'PE; that is, equal to the semi-tangent 
of the inchnation A'P, plus llie polar distance PE. In the 
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feccoiid ca'fe therefore, ihe esUetnities of that dnmeter which 
IS in the hne of meibuies cone ponrl m then po itions to the 
enunciation < f tl l tLxt 

§208 if tht inciimtionof either of thecitd a as DE, were 
f'qtial to its polar distance, the point D would be at A', and 
would be projected at 0, the centre of the primitive circle. 
Hence, Uie projections of all small circles wliose polar distancex 
are equal to iJteir angles of inclination, pass through the centre 
of tlie priniiitoe circle. 

§ 90!). If the surface of an entire sphere were projected on 
the same plane, without changing the position of the eye, that 
part of it lying between the eye and primitive plane would be 
projected without the primitive circle ; small circles near the 
eye would be projected into very large circles, and circles near 
the opposite pole would be projected into circles much less 
than themselves. Thus, the magnitudes of circles would bear 
little proportion to that of their projections ; equal circles of 
the sphere would be nneqna! in projection, and the projection 
of the sphere made after this method would rather confuse than 
aid the mind in conceiving of its difiereiit parts. To remedy, 
in some degree, this defect of the stereographic projection, we 
generally project the hemisphere between the primitive plane 
and the pole opposite the eye ; then revolve the other hemi- 
sphere 180° around a line tangent to the primitive circle, and 
suppose the eye to be removed parallel to the primitive plane, 
till it comes into the axis of this hemisphere afler it is revolved : 
the hemisphere is then behind the primitive plane, and the eye 
in the pole of the primitive circle, if from this position the 
hemisphere be projected, we shall have tlie nrojection of tlie 
entire sphere on the same plane. 
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PROBLEM I. 

Th project the sphere on t/ie plane of the equaloi . 

^310. Let the eye be supposed at the scu^th pole ; tbenoith- 
ern hemisphere will then be first projected. 

LetFAGB(Pi.4, Fig.4)be the equator; the eye is in a perpeii" 
dicuiar to the plane of the paper at N, and at a distance from il 
equal to the radiua NA, The northern hemisphere lies behind 
the primitive plane. The north pole is projected at the centre N. 
Let A and B be the equinoctial points : AB is the line in which 
the plane of the ecliptic intersects the plane of the equator. 
The ecliptic passes through the points A and B, and makes ar, 
angle of 23^° with the equator ; its line of measures is FG (176), 
which contains the centre of the circle into which it is pro- 
jected (204). At the point A make the angle NAO equal to 
SSi" ; the line AO will pass through the centre of the circle 
into which the ecliptic is projected (203) ; is, therefore, the 
centre of this circle. With this centre, and radius OA, let the 
arc AEB be described ; this arc is the projection of that half 
of the ecliptic which lies north of the equator. The centre O 
might have been found by making NO equal to the tangent of 
33^° (404). 

The planes of the meridians, passing through the axis of the 
eailh, must pass through the eye, and will consequently be 
projected into right .lines (195) ; bat, as they are great circles, 
their projections pass through the centre of the primitive circle 
(195). The projections of the meridians are, therefore, deter- 
mined by laying off from A arcs equal to 15'', 30^, 45°, &c.. 
and drawing diameters through their eKtremities. The line 
A.NB is the projection of the equinoctial coiure, and GNF of 
the solstitial coiure ; the projections of four other meridians are 
also drawn in the figure. 

The parallels of latitude, being parallel to the primitive plane, 
the radii of tlieJr projections are equal to ihe semi-tangents of 
their polar distances {19:,>). Toproject the arctic circle. Make 
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ihe angle NFI equal to half of 23i° ; NI is the semi-tangent 
of 23^° to ihe radius of the sphere. With NI as a radius and 
N as a centre, describe a circle ; it will be the projection of the 
arctic circle. In like manner, making tlie angle ISFD equal. 
to half of 665° deteimmcs ND, the radius of the circle into 
which the tropic of Cancer is projected. The projection of the 
tropic of Cancer is tangent to the projection of the ecliptic at 
E. The principles used m piojecting the arctic circle and the 
tropic of Cancer are equally applicable in projecting any of the 
parallels of latitude. 

Let the semi-sphere, which is in front of the primitive plane, 
be now revolved 180° around a line tangent to the primitive 
circle at B. The eye is supposed to be moved parallel to llie 
primitive plane till it is projected at S. As the hemisphere, 
primitive plane, and eye have the same relative positions as 
iheyhad in the projection which has just been made, it fuilowa 
that the circles of liie hemisphere will be projected in the same 
manner. The arc BE'A' is the projection of the half of the 
ecliptic corresponding to AEB ; G'E'F' is the projection of the 
half of the solstitial colure corresponding to GF ; BA' is the 
projection of the half of the equinoctial cohure corresponding 
to AB ; the small circles described about the centre S are the 
projections of the antarctic circle and tropic of Capricorn. 
The diameters passing through S are liie projections of the 
meridians. 



PROBLEM ii. 
7'o -project ihe sphere on the plane of the equinoctial colure. 

§ 211. PI. 5. Fig. 1. Let SBNQ be the plane of the equi- 
noctial colure, N the place of the north, and S the plane of the 
south pole: Q and B the equinoctial points. 

Since the meridians pass through the poles, their projections 
pass through the projections of the poles N and S, and their 
planes intersect the primitive plane in the iin.e SN. The line 
QBR, drawn through 0, the centre of tiie primitive circla, per 
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pendicular to NS, is the line of measures of ail the meridians 
(176). To project any meridian, as the one, for example, that 
makes an angle of 30° with the primitive circle. At either 
pole, as S, lay off an angle OSD equal to 30° ; the point D, in 
which the line SD meets the line of measures, is the centre of 
the projection of the meridian (203), "With D as a centre and 
radius DS, let the meridian SEN be described. The centre 
D could also be found by laying off fiom O, in the line of 
measures, O-D equal to the tangent of 30° the angle of inclina- 
tion of the meridian v.'ith the primitive plane. After liie 
name manner the other meridians are projected. The line 
SON is the projection of tlie solstitial colore. The equalor 
passes through. the eye, and its projection is the right line QOB, 
The ecliptic passes ihroughthe ^points Q and E, and makes an 
•ingleof 68 J° with the primitive plane ; NS is its line of measures. 
If, on the hemisphere which is behind the primitive plane, the 
ecliptic lies between the equator and south pole, lay off from 0, 
m the direction ON, the tangent of 66^° ; with the extremity 
of this line as a centre, and the distance to Q as radius, describe 
the arc Q.FB, which wilt be the projection of that half of the 
ecliptic that lies behind the primitive plane. If, on the hemi 
-Sphere behind the primitive. plane, the ecliptic had been situated 
between the equator and north pole, the radius of its prqjeclion 
would have: been laid off from O in the direction OS, 

The parallels of latitude are perpendicular to the primitive 
plane, aad SN is their line of measures. In projecting them, 
we shall begin with the arctic circle. From N lay off llie arc 
N/ equal to 33^°; draw NC perpendicular to SN, join Of, 
and produce it to C. The line OC is the secant and NC the 
tangent of 23^° to the radius of the primitive circle. With 
as a centre and radius OC describe the are CG' ; with C as a 
centre and radius equal to CN or Cf describe the arc/I ; this 
arc is the projection of the arctic circle. We determine, by 
similar cons tructio s fea tl e projection of the tropic of Cancer, 
and cFd, tlie project o of tl e t opic of Capricorn (306). 

Let the semi-sphere wl el is ii front of the primitive plana 
be now revolved bel n I t aiou d a line tangent to the primi 
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tivc circle at B ; the projections of its diifercnt circles can then 
be made by constructions entirely similar to those already 
given. 

§ 31'2. The projection of the sphere on l.he plane of the sol- 
stitial colure, is made in the same manner as its projection on 
the plane of the equinoctial colure, excepting that the ecliptic, 
being perpendicular to the primitive plane instead of being 
oblique to it in an angle of 66^°, is projected into a right line 
passing through the centre of the primitive circle, and making 
an angle of 23^" with the projection of the equator. Draw- 
ing the WncsbOd and d'b', making angles of 23j-° with QR, the. 
projection of the equator, and supposing the curve QFBR to 
be removed, the figure will represent the projection of the 
sphere on the plane of the solstitial colure. 

PROBLEM in. 

To project the spltei-e on t!w horizon of any place, tfiat place, for 
example, the latitude of which is 45° twrth, 

§ 213 PI 5 Fig 3 Lpt AEBL be the piano of the hori- 
zon. Let the eye be supposed it the lower pole of the primi- 
tive circle , the uppei hemispheie will then be first projected. 

Assume A and B for the eqmnoctnl pumti , AB is the line 
in which tlie plane of the equatoi intei sects the horizon ; the 
plane of the ecliptic and the plane of the equmoctial colure also 
intersect the horizon m the same hne AB. The Ime EL, drawn 
through the centre J), perpendicular to AB, is the line of meas- 
ures of the equator, ecliptic, and equinoctial colure. The 
equator makes an angle with the primitive plane equal to the 
complement of the angle which the axis of the earth makes 
with it ; that is, an angle of 45°. The projection of the equator 
can therefore be described, and is the arc AFB. Suppose the 
ecliptic, on the upper hemisphere, to He between the equator 
and noHh pole ; it wi!i, in that case, make an angle with ihe 
primitive plane greater by 23° than the angle made by the 
equator. The projection of the ecliptic can then be described ■ 
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t is the arc AGB. The equinoctial colurc mskes no angle of 
45" with the primitive plane ; and as PE is equal to the tangent 
of 45°, E is the centre, and the distance EA or EB the radius 
with v/hich its projection ANB is described. The solstitial 
coiure, being perpendicular to AB the intersection of the 
equator and equinoctial coiure is,perpendicuiar to the primitive 
plane ; its projection is therefore the diameter LDE, The 
point N, ill which this line intersects the projection of the equi- 
noctial coiure, is the projection of the north pole. If the remain- 
ing part of the projection ofthe equinoctial coiure be described, 
it will meet the line LE in another point, wh\ch point wouM 
be the projection of the south pole. If the distance intercepted 
between N and the projection of the south pole be bisected at 
E. and EH be drawn perpendicular to NE, EH will contain 
the centi'es of the circles which are the projections of the me- 
ridians. For, as the meridians pass through the poles, their 
pro]ections will pass through the projections of the poles ; there- 
fore, the part of the axis intercepted between the projections 
of the poles is a common chord of the projections of ihc meri- 
dians ; and the line EH, bisecting it perpendicularly, contains 
all their centres. To project any meridian, as the one, for 
example, making an angle of 30^ with the equinoctial coiure. 
At N lay oiFthe angle ENH equal to 30" ; the point H, in whicii 
NH intersects EH, is t!ie centre of the projected meridian 
(203). With H as a centre and radius HN let the meridian 
H'NP be described. . The projections of the other meridians, 
drawn in the figure are made by simikr coiistractions. 

To project the parallels of latitude. These pnrallels are 
small circles, and being parallel to ihe equatoi" have the same 
line of measures, and make the same angle with the primitive 
plane. To project the arctic circle. Its polar distance is 33 J°, 
and its in di nation 45°. Lay off from L to 5^ GS^", that i=, the 
polar distance 23^°+45° the inclination, and join g and E. 
The line D^ is the semi-tangent of 68^°. Let \,f be made 
equal to 45°— 23i''=2U'', and draw E/; \if is the semi-tan- 
gent of the inclination minus the polar distance. Let the dis- 
tances Sig and D/' be laid oiF from I) on the line of measures 



Hosted by 



Google 



141 DESCnIPTIVB OEOMETRT. 

EL ; f'g" is ihe diameter of the projection of the arctic circJi 
(207). Lei this diameter be bisected end the circle describefl. 
All other parallels of latitude are projected by similar construc- 
tions. The projection of the tropic of Cancer toucliea the pro- 
■ection of the ecliptic at G, and intersects the primitive plane at 
It and h. The tropic of Capricorn intersects the primitive plane 
at d and c. No part of the antarctic circle iies above the primi- 
tive plane. 

Let, now, the lower hemisphere be revolved 180° around a 
line tangent to the primitive circle at B, and then project the 
ditlerent circles by themethods already explained. Theirpro 
ections are easily recognised in the figure. 
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T5ARPED SUKPACES. 



COMPLEMENT 



DESCRIPTIVE GEOMETRY. 



§ 214. We have already defined Warped Surfaces lo be 
those surfaces which may be generated by a right line moving 
ill such a manner that its consecutive positions shall not be in the 
same plane (72), This class of surfaces is entirely distinct fronp 
the single-curved surfaces, though both are generated by a right 
line. In the single-curved surfaces, the consecutive positions 
of the generatrix arc in the same plane; in the warped surfaces 
they are not ; and although this difference in the manner of 
their generation may seem unimportant, yet it gives to the 
surfaces very different forms, and essentially different pro- 
perties. 

5 215. Tills family of surfaces presents, perhaps, more varie- 
ties than any other ; we shall esamine only the most useful 
kinds, and begin with those wIiosjC properties are most simple, 

§ 216. Op warpei> surfaces wnrcii iiavb a plane-dieec- 
TEit. Let there be supposed any two curves in space, and a 
line to move along these curves constantly touching them and 
continuing parallel to a given plane. Unless the curves have 
a particular position with each other, or with the given plane, 
the consecutive positions of the generatrix will not be in the 

• A portion of this Complement is ItanBlatcd from VaUtc't excelient Traite 
lie la (lionUtril Descriplive. 
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same plane: hence, the surface generated will be a ^'iarpfid 
surface. The plane to which the generatiix continues paialJc! 
is called the plane-directer, and the lines which it taiichp" 
directrices. 

5 917. PI. 1. Let (AB, A^B-) and (CD, C D ) be the jineir 
directrices of a wavped surface, and {OM, ON) itia pi me 
directer. /( is required to construct any element of the nofatr 
the one, for example, passing through the point (A, A') of ''w 
first direct} ix. 

If through this point, a plane be passed parallel lo the plane 
directer, and the point in which it culs the second directrix 
(CD, CD') determined, the line joining this point and the point 
(A,A') will be the element required. We could th«s deter- 
mine the clement passing through any point of either directrix ; 
but, as drawing the planes and finding the points in which they 
cut the directrices is rather tedious, we give the following 
method for constructing the elements as more concise and 
elegant. 

Draw in the plane-directer (MO, ON") any right line, as 
(MN, M'N'). Intersect the plane-directer by a system of ver- 
tical planes, PM, Pa, Vb, &c. drawn through any point, P, of 
the trace OM ; these planes cut the line (MW, M'N') in the 
points (MiMO, (a,a% (b,b'), &.C.; the lines joining these 
points and the point {VjV) are the intersections of the vertical 
planes v/ith the plane-directer. Through the pomt {A,A') draw 
a systeTii of lines (Ar, A'/-'), (A5,A'g'),&cresj)ectively parallel 
lo the lines {Fb, F'b'), (Pa, P'«'), &c. of the plane-directer ; 
this system of lines forms a plane passing through (A,A') par- 
allel to the plane-directer ; it is required lo find the point in 
which this plane cuts the second direcfi-ix (CD, CD'). Tlie 
system of parallels through (A^-") intersects the surface of the 
cylinder which projects the second directrix on the horizonla! 
plane in a curve of which DCp is the horizontal projection ; the 
vertical projection of this curve is found by drawing perpen- 
diculars to the ground line through the points r, q, p, &c., and 
determining their intersections r', q', p', &c, with the vertical 
projections of the parallels through (A,A') ; r'f/p' is the verticaj 
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projection of the curve. Tlie point in which this curve intersetta 
the second directrii is the point in which the second directrix 
is cut by the plane passing thi-ough (A,A') parallel to the plane- 
directer. The vertical projection of the point is in the curve 
D'C, and also in the curve r'q'p'- hence, it is at C, their point 
of intersection. Drawing through C a perpendicular to the 
ground line, determines C, the horizontal projection of the point. 
Therefore, (AC, A'C) is the element of the surface passing 
through (A,A'). If we take any point, other than (A,h!), of 
either directrix, the element of the surface passing through it 
would he determined in a similar manner. 

§ 218. To find an element of t/ie surf ace parallel to any line, 
as (P«, Va'), of the plane-direeter. 

Through the several points {d4'), G'.c'), (//')' ilS'S')* ^*^- ^^ 
either directrix, draw lines parallel to the given line (P«, P'«') ; 
they form the surface of a cyliucjcr parallel to the liiie (P«, P'a') ; 
the clement of this cylinder passing through the point in which 
the secoiid directrix pierces its surface, touches both direc- 
trices, and is an element of the surface. This cylinder inter- 
sects the vertical cylinder which projects the second directrix 
on the horizontal plane in a curve of which ItDp is the hori- 
zontal projection ; its vertical projection is determined by find- 
ing the pomts k', i',f, h', &e. in which the perpendiculars to the 
ground hue through the points k,i,j, A, &c. intersect the ver- 
tical projections of the parallels : k'i'j'k' is the vertical projec- 
tion of this curve. The point (D,D'),in which this curve inter- 
sects the second directrix, is the point in which the second 
directrix pierces the surface of the cylinder : hence, BD drawn 
parallel to Va, and B'D' drawn parallel to V'a', are the projec- 
tions of the required element, 

§ 219. If one of the directrices {AE, A'B'), (CD, CD') 
were a right line, the surface that would be generated belongs 
to a particular class of warped surfaces called conoids, because 
of the analogy existing between them and the surfaces of cones.* 



' If ail the paints in wliich the elemenla touch the rtetilinRat dirficlrix were 
(ffouglll; to;(Qtliei' into one point, the elements still pitssing thtuiuih the points in 
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If the directrix were perpendicular to the plane-directer, the 
conoid takes the name of right conoid, and the directrix the 
name of the line of xtriclitm* 

If botii the directrices are right lines, the surfaces generated, 
though a species of conoid, are called hyperbolic paraboloids, 
because tiie curves in which Ihey are intersected by planes are 
either hyperbolas or parabolas. The rectilinear directrices are 
not in the same plane ; for if they were, the generatrix would 
generate a plane, and not a warped surface, 

§ 220. Tite elements of a hyperbolic paraboloid divide lite, 
directrices proportionally. 

Let AC and A'C (Pi. 2. Fig, I) be the directrices of a hyper- 
bolic paraboloid ; AA', EB', and CC three of its elements. 
Through A draw AD parallel to CC ; AD will be parallel to 
the plane-directer ; and since AA' is also parallel to the plane- 
directer, it follows that the plane A'AD is parallel to the plane- 
directer and may be taken for it. Demit from the points B', 
C, C, and B the perpendiculars B'f, C'c', Cc, and B6 on the 
plane A'AD. Since BB' and CC are elements of the surface, 
they are parallel to the plane-directer, and consequently to the 
plane A'AD; therefore, C'c'=Cc, and B'6'=E?i: by drawing the 
lines Alb'd and Abe two similar triangles are formed, which give 

Cc : B* : : CA : BA, and CV : Wb' : : C'A' : E'A' ; 
hut, on account of the equality of the terms of the first couplets, 
we have 

CA:BA::CA':BA'; 
and by division, 

CB:BA::CB':BA'; 
that is, the directrices CA and C A' arc divided proportionally 
by the element BB'. 

which thoy touch the seconJ direclrix, the surface becomes a conic surface. 
And if the vertei nf a cone be moved along h right line, and lines be dravsn 
from its different positions to the points of its base, such hnes being prallfl) la 
a given plane, the aurface thus formed is a conoid. 

* It tBkea this name because it contnins the shortest distance between the 
elements, so that the Eur'oi^B ia, as it were, erairned or compressftd along this 
line. 
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§ 921. Reciprocally, if tlie lines AA', BB', and CC of a 

warped surface divide the rectilinear directrices AC and A'C 
into proportional parts, they wUl be parallel to the same plane, 
and consequently elements of a hyperbolic parcAdoid of which 
that plane is the plane-directer. 

Let AD be drawn parallel to CC, and demit the perpen- 
diculars Cc, B&, C'c', and B'i' on the plane A'AD. Drawing 
She and A'b'c', we have 

AB : AC : : B6 : Cc ; 
and A'B':A'C'::B'6':C'c'; 

but, by hypothesis, 

AB : BC : : A'B' : B'C. 
By composition, 

AB: AC:: A'B': A'C; 
therefore, Bh:Cc:: B'6' : C'c'. 

But the line CC being parallel to AD is parallel to the plane 
A'AD ; therefore, Cc is equal to C'c', and consequently B& is 
equal to B'6'. Ail lines, therefore, which divide the directrices 
proportionally are parallel to the same plane, and consequently 
the surface generated by a right line moving with this law is a 
■ijpcrbolic paraboloid. 

§ 223. ff any two elements, as AA' and CC of a hyperbolic 
paraboloid be taken as directrices, and u plane-directer be as- 
sumed parcdlel to AC and A'C, the directrices in the first case, the 
surface generated by a right line moving on the new directrices 
and parallel to the new plane-directer, is the same surface as is 
generated by a right line touching AC, A'C, and continuing 
parallel to the plane A'AD. The surfaces are named respect- 
ively iAeAj/per&o?icj!a)'«6ototdo/^;Ae_^s(<m(?secoM(Z^ejieJ-a(z'on. 

We shall show that these surfaces are the same, by proving 
that all points of any element of the second generation are 
points of an element of the first jreneration, and leciprocally ; 
that is, that the paraboloid of the second generation has all its 
points common with the paraboloid of the first generation ; if 
this be proved, they are evidently the same surface. 

Let mn (PI. 2. Fig. 3} be any element of the second 
•jeneration. In this generation the plane-direct(!r is parallel 



Hosted by 



Google 



150 COMPLEMENT. 

to AC, A'C, and AA', CC are the directrices. Draw 
from the pjints C and C the lines Cc and G'd parallel to 
mn ; and suijpose c and c' the points in which thoy pierce 
the plane AA'D, drawn parallel to CC Let Ac and k'd aiso 
be drawn, and join the points c and c': this line is the intersection 
of the plane AA'D with the plane passed through the element 
CC and the parallek Cc, mn, and Cc' ; it therefore contaiiM 
the point n, in which mn intersects AA'. Take, now, upon mn 
any point, as O, and conceive a plane to be drawn through this 
point parallel to AA'D ; that is, parallel to the plane-directer 
of the first generation (22i3). This plane will cut the direct- 
trices AC and A'C, of the first generation, in two points B and 
E'; the line BB'is therefore an element of the first generation. 
It is now to be proved that O is a point of the element BE', 
and therefore a point of the surface of the first generation. Let 
the linesJBfi and E'6' be drawn parallel tom7i,and asCcand CV 
are also parallel to mn, it follows that B?> and B'i' will pierce the 
plane AA'D in the lines Ac and A'c'. The triangSes AB6 and 
ACc are therefore similar, as also the triangles A'B'6' and A'C'c' ■ 
therefore, AB : AC : : A6 : Ac ; 

and A'B' : A'C : : k!b' : A'c'. 

But (220), AB : AC : : A'B' ; A'C ; 

therefore, Ab : Ac :: A'b' : A'c'. 

Since the lines B6 and Cc are parallel to B'6' and Cc', and 
since the four lines are all parallel to the plane -director of the 
secoii^l generation, the plane of the triangle ACc is parallel to 
the pWe of the triangle A'C'c', and therefore their intersections 
A6c asid A'b'c' with the plane AA'D are also parallel. But as 
these intersections are divided proportionally at b and b', it fol- 
lows that the points 6, n, and 6" are in the same right line ; hence, 
th& plane of the parallels Bb and B'6' contains the lines EB' and 
mn ; thcrcfoi'C, the point O of the element mn of the second 
generation is a point of the element BB' of the first generation. 
It may be proved in a similar manner, that any point of an ele- 
ment of the second generation is aiso a point of an element of 
tlie first generation : hence, the hyperbolic paraboloid is siisc,(!{>- 
tible of two generations, as enunciated in the text. 
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§ 2'i3. From what has preceded we conclude, that if we take 
any tioo elements of tits first generation and a plane parallel to 
its directrices, these lines and litis plane are tlte directrices and 
plane-directer of tltc second generation ; and, conversely, if we 
take two elements of the second generation and a plane parallel 
to its directrices, these lines and this plane are the directrices and 
plane-directer of tlte first generation. 

§ 224-. Op warped surfaces which kavb three direct- 
itHJEs, If we subject the generatrix to the condition of touch- 
ing u third directrix, instead of continuing parallel to a plane- 
directer, the surface generated is stili a warped surface, pro- 
vided the directrices have such positions with each other that 
the consecutive elements of the surface ore not in the same plane. 

Let (AB, A'B'), (CD, CD'), and (EF, E'P) (PI. 3) be the 
three directrices of a warped surface ; and let it be required to 
find tlie element passing through any point of cither directrix 
say the point (M,M') of the directrix (AB, A'B'). 

Suppose (M,M') to be the vertex of a cone of which the 
second directrix (CD, CD') is the base. If the point (N.NO, in 
which the third directrix (EF, E'F') pierces the surface of thi* 
cone, be determined, the line joining (M,M') and (N,N') wil. 
touch the three directrices, and consequently be an element of 
the surface. To find this point, take in the second directrix a 
series of points (D,D'), («,«'), {b,b'), (c,c'), &c. ; through these 
points and the vertex (M,M') draw the elements (MD, WD'), 
(Ma, M'«'), &c., and construct the points in which these ele- 
ments pierce the vertical cylbder which projects the third 
directrix on the horizontal plane : these points are (F,H), {i,i'), 
( j J"), {k,k'), &c., and Hi'fk'l'm'n'G is the vertical, and FijIdmnE 
is the horizontal projection of the curve in which the cone inter- 
sects ths- cyhnder: the point (NjN'), in which this curve inter- 
sects ths third directrix, is the point in which the third directrix 
pierces the surface of the cone : (MN, M'N') is therefore a line 
which touches the three directrices, and is, consequently, an 
element of the surface. We can construct in a similar manner 
any number of elements, by means of which we con determine 
the cintour and projections of the surface 
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§ 225. If the three directrices are right lines, tfie surface 
generated belongs to a particular class of warped surfaces culled 
hyperhaloids of one nappe. Of this family of surfaces we shall 
discuss the most useful and interesting variety, viz. the hyperio- 
hnds of revolution of one nappe." 

Before generating the hyperboloid of revolution of one nappe 
by a generatrix constantly touciiing three right lines having a 
particular position with each other, we shall generate it by a ^ 
right tine moving around another right line as an axis, and then 
show that this surface can also be generated by a right line 
touching three linear directrices. Let the hoi-izontal plane be 
taken perpendicular to the line which is used as an axis, and the 
vertical plane parallel to the generatrix in any one of its posi- 

Let (A,A'E'} (PI. 3. Fig. 3) be the axis, and (CD, CiV) the 
generatrix. The generatrix is to move around the axis in such 
a manner that each point of it shall describe a horizontal circle 
whose centre is in the axis (A,A'B'). Conceive a line to be 
drawn perpendicular to the axis and generatrix (60). Since 
the axis is i>erpendicular to the horizontal plane, this line will 
be parallel to it ; hence, its horizontal projection is cquid to 



* If the liyperbola CFp' (PI. G. Fig. 7. Dps. Geoni.) \ia revolveJ sround ila 
coiijagale asia, which is perpendicular to FB at E, it will generate tlie surface 
of a k^erboioid of rcvolaii(m of tmt nappe. The convority of this sorlace m 
turned towards the axia. If the hyperbolas CFp* nnd C'BC be revolvod arouuil 
the transrerse axis FB, they will generate two distinct savfaces, but havhig the 
aamH aiia FB ; the two surfaces are called n hi/perholoid of revolwlioa of (too 
nappes. If at either vertex of tha traliaverse asia, as F, a line IFI'be drawn 
tangent to the carve, and the parts FI end FI' be each made equal to EO, the 
semi-conjugate axis, the lines CI'C anii C'EH drawn thmu^b their eitFomilieii 
and the centre C, are called asymploles. Tlie asymptotes coudnually approach 
the curves CFy" and C'BC, but never intersect them. If at any point of eilhci 
curve, aa G, a line HON be drawn tangent to the curve, the part HG inter- 
cepted between the point of contact and one asymptote ia equal to the part GK 
Intercepted between the point of contact and the other asymptote. These projh 
erties of the asymptotes and tangent are demonstrated in conic sections, and 
are mentioned here only that tliey may be borne in mind in disousaiug the prop- 
eiticH of the surface generated by a right lino touching three Tectilineii diceclr 
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Itself and perpendicular to CD, the horizontal projection of the 
generatrix (51). Tlie line ALis tlie horizontal and L' tiie vertical 
projection of this perpendicular. When the general i'ix (CD,C'D') 
is revolved around the axis (A, A'B'), the Uiie{AL,L') continues 
perpendicular to it and to the axis ; hence, the projections of the 
generatrix, from its different positions, are perpendicular to Ihc 
projections of (AL.L') from its diffei-ent positions ; that is, per- 
pendicular to the extremities of the radii of a circle described 
with the centre A and radius AL. Hence, the horizontal projec- 
tions of the elemsiits of this surface are tangent to the circle iqah, 
which is the smallest of the circles described by the points of 
the generatrix, and is called the circle of the gorge. The con- 
secutive elements of this surface are not parallel, for if they 
were their horizontal projections would be parallel (30) ; but 
the horizontal projections arc not parallel, since they are tan- 
gent to the circle iqoL. Neither do the consecutive elements 
intersect each other; for thfir points which are in the same 
horizontal plane are separated by arcs of horizontal circles. 
The surface, therefore, is a wirped surface, and it is also a sur- 
face of revolution, since the sections by planes perpendicular to 
the axis are circles. Let ClcG'EE' be the circle described by 
the point C, as the element (CD, CD') moves around the axis ; 
this is the circle in which the horizontid plane intersects the 
surface. 

Through D draw the line (i:C, D"C") parallel to ihe ver- 
tical plane, and making (he same angle with the horizonia! plane 
as ^s made by the line (CD, C D} : these lines intersect at the 
point (L,L'), and the perpendicular (A.h,l/) to the one, is also 
perpendicular to tlie other. If the plane of the two lines be 
carried around the right cylinder whose axis is the axis of the 
surface, and whose base is the horizontal circle oqiL, each of 
the lines will generate tlie same surface ; for, if a plane be drawn 
perpendicular to the axis (A,A'B') it will cut the lines in poinis 
equidistant from the ax s, and in the revolution of the lines these 
points describe the same horizontal circle: the point in which 
the lines intersect, describes the circle of the gorge. But if two 
surfaces have the same axis, and if all sections made in them 
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by planes jieipciKliciitut' to this axis are respectively equa., 
the two Hurf«(;es coincide throughout and are the same surface : 
(jenee, tiie surfucc we are discussing can be generated by either 
jf two right lines at the same distance from the axis and making 
the same angle with a plane perpendicular to it. 

§ 226. If oiie of Hie generatrices remain fixed and tlie sur- 
face be generated by the other, tlie fixed generatrix will intersect 
the mooing one in all its positions. Let the generatrix (DC, 
D"C") remain fixed, and suppose the surface to be generated 
by (CD, CD'). "When the point C is at any point of the 
circle CG'ED, as E, the horizontal projection of the generatrix 
is determined by drawing EoG tangent to the circle mph (225), 
Its vertical projection is determined by projecting E into the 
ground line at e, and o into the vertical pi-ojection of the circle 
of the gorge at o', and drawing eo'g. The horizontal projections 
of the generatrices intersect at n, and no is equal to nh, since 
the lines are tangent to the same circle. But the points (I^,I>') 
and (op') are in the plane of the circle of the gorge, and the 
generatrices make equal angles with this plane : hence, the 
parts of the generatrices of which no and n\j are the projections 
ore equal. The points of thetwo generatrices of which « is the 
horizontal projection are, therefore, at the same distance above 
the plane of the circle of the gorge, and consequently above the 
horizontal plane ; but their vertical projections are contained 
in a perpendicular to the ground line through n (13) : hence, they 
are the same point »', and therefore the generatrices intersect 
in space (44), and (n^) is their point of meeting. This point 
is above the circle of the gorge, and at an infinite distance from 
it, when the generatrix (EG, eg) becomes parallel to the ver- 
tical plane. When the generatrix (CD, CD") takes fbe posi- 
tion (E'G', E"G"), it intersects the generatrix (DC, D"C") at 
{m,m'), a point of the surface below the circle of the gorge. 
In the same manner it may be shown, that if the generatrix 
(CD, C'DO remain fixed, and the generatrix (DC, D"C") he 
revolved, (CD, C'D") would, in ali its positions, intersect 
(CD, G"D") : hencs, we CQ!ic\\ide tU^t the generatrix of die first 
generation intersects all tlie elements of the second generation. 
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and that the generatrix of tJie second generation intersects ail 
the elements of the first generation. If, ?lierefore, any three 
elements of the first generation be assumed, and a right hne 
drawn touching them, tliis line is the generatrix of t!ie second 
generation ; and if tliree elements of the second generation 
be ciiosen, a right Jine touching tliem is the generatrix of the 
first generation. 

We have now shown that the surface generated by the revo- 
lution of a right line about an axis which it does not intersect, 
may also be generated by a right line touching constantly three 
rectilinear directrices. We should remark, however, that these 
directrices must have the same relative position as ihreeelements 
of the surface generated by the other method ; that is, they are 
at the same perpendicular distance from a fourth line, and the 
perpendiculars measuring this distance are contained in the 
same plane. 

5 337, To show that this surface is the surface of a hyper- 
bdloid of revolution of one nappe. 

PI. 2. Fig. 4. Let the axis of the surface be perpendicular 
to the horizontal plane at A, and let dAc be the trace of a meri- 
dian piano to which the vertical plane of projection is taken 
parallel. It will be proved that this mei-idian plane intersects 
the surface in hyperbolas, and that the projections of the gene- 
ratrices (CD, CD") and (DC, D'C") on this plane are asymp- 
totes of the curves. 

The vertical projections of the genei^atrices arc the lines 
CD' and D'C"; («&, a'l/) is the line in which the meridian 
plane intersects the circle of the gorge : this line is the trans- 
verse axis, and («,«') and (6,6') the vertices of the curve in 
which the meridian plane intersects the surface. To find oilier 
points of the curve, let tlie surface be intersected by horizontal 
planes ; these planes will intersect it in horizontal circles, and 
the meridian plane in right lines ; the points in which these 
lines intersect the circles are points of tlie required curve. 
LetA'H'Gwi'bethevertical trace of one of these planes; (H,H') 
is the point in which it cuts the generatrix (CD, CD"), and 
15 therefore one point of the circumference of the horizontal 
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circle in which it intersects the surface. With A as a centre 
and AH as a radius, let the semicircle AHaj be described ; 
this is the horizontal projection of a part of the circle in which 
the horizontal plane intersects the surface, and the points h and 
m, in which it meets the pi-ojection of the line ot intersection 
of the horizontal and meridian planes, ere the projections of two 
points of the required curve. The vertical projections of 
these points are ft' and m'. The horizontal plane _/''F'h' deter- 
mines the points {fj^') and (n,n'). Thus, by using horizontal 
planes above and below the circle of the gorge, we obtain as 
many points as are necessary to describe the curves d'h'f'a'd" 
and c'm'n'b'c". 

The lines CD" and D'C" contniually approach these curves. 
For, the distances ¥'f', H'A', Vd', &c. are equal to the dif- 
ferences between the radii AF, AH, AD, &c. and their ver- 
tical projections EF, GH', and UD". But these differences' 
continually diminish; for the radii AF, AH, and AD make a 
less and less angle with the vertical jslane as the cutting plane 
is removed from the plane of the gorge, and therefore the dif- 
ferences between them and their projections constandy 
diminish. If the horizontal cutting plane were taken at an infi- 
nite distance from the circle of the gorge, the radius AD would 
become parallel to the vertical plane ; the points d' and D" 
would then coincide, and L'D" would become tangent to the 
curve. We see, therefore, that the line L'D" continually ap- 
proaches the curve d"<^f'h'd', and becomes tangent to it at an 
infinite distance from a'; this is the properly of a hyperbola and 
its asymptote. The same can be shown for the curve c"b'n'm'<^ 
and the line D'C", and also for the curves and lines below the 
circle of the goi^e. 

Let (QIO, Q'l'C) be any element of the surface mtet sectmg 
the meridian plane dAc in the point {p,p') ; (,p,p ) is a point 
of the cur\"e c'b'c". The line drawn thi-ough {p,p ) tangent to 
the horizontal circle of the surface passing through this pomt, 
is perpendicular to the yertica! plane, and is theretoie a. line ot 
the plane which projects the element on the vertical plane. 
This prnjecling plane is consequently tangent to the surface at 
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llie point (p,p') (S8) : hence its intersection witti the meridian 
plane is tangent to the meridian curve. But the vertical pro- 
jection of this intersection is the same line as the vertical pro- 
jection of the element; consequei tly, Q'O', the vertical projec- 
tion of the element, is tangent to the curve c"b'c' at the point 
p'. But I^ and pO are equal ; therefore their vertical projec- 
tions I'p' and p'(J' are also equal ; that is, the part I'O' of the ■ 
tangent intercepted between the lines I^'C" and L'C is bisected 
at p', the point of tangency : and as this may be shown for any 
other point, it follows that the curve is a hyperbola, and the 
lines C'D" and D'C" its asymptotes. The same can be shown 
for the other curve. If either of these hyperbolas be revolved 
around A'B as an axis, it will evidently generate the surface 
from which it has been obtained. We therefore conclude, that 
the surface generated by a right line revolving around another 
right line which it does not intersect, or by a right line con- 
stantly touching three right lines having a particular position 
with each other, is the same surface as is generated by the 
revolution of a hyperbola arouna its conjugate axis, and is 
therefore properly called a hyperboloid of revoludon of one 
nappe. 

§ 228. Of warped surfaces in oeneieal. It is easily per- 
ceived from what has preceded, that if a right line be moved 
along two curves so that the part of the right line intercepted 
between them shall be of a given length, or so that it shall make 
with a given plane a constant angle, or make a given angle 
with one of the directrices ; or should we move it upon three 
surfaces, or upon a curve and two surfaces, or upon two curves 
and a surface, or upon two surfaces and making a constant 
angle with a given plane, either of these conditions imposed 
upon the generatrix would, in general, give a warped surface 
of a different kind. 

§ 22f. We slial! now demonstrate a general property of 
warped surfaces. It is this : every plane passing tJirough any ele- 
ment K.ofa tDOrped surface is, in general, tangent to tliis surface 
atsome point of the element K. Suppose ,he plane to have any 



Hosted by 



Google 



S58 CO.IIPLBMEKI. 

position, and let K', K", K'", &c. be elements of the bui face on 
one side of the element K ; and H, H', H", &c. elements of 
the surface on the other side of the element K ; and let these 
elements be consecutive with each other, and situated on the 
surface in the order in which the letters are written. The plane 
llirough the element K will not, in general, be parallel to these 
elements ; it therefore intersects them in a series of consecutive 
points A'", k", k, h. A', A", h'", &c. fonning a curve k"'k"klili'h"k"; 
but since the points k' and h ate on different sides of the ele- 
ment K, the indefinitely small part k'k of the curve intersects 
the clement K in a point. Let this point he designated by k ; 
we say that the plane tlirough the element K is tangent to the 
surface at the point' &. For, if atfe a line be drawn tangent to 
the curve k"'k"k'khh'h"h"', it will be contained in the plane of 
the curve (67) ; that is, in the plane passed through the element . 
the element also is tangent to the surface at the same point ; 
the plane, therefore, containing these tangent lines is tangent 
to the eurface at the point fc of the element K (88). 

§ 230. As the curve k"'k"kidik'h"h"' vanes with the position 
of the piano through tiie element K, it is evident that if this 
plane be turned around K as an axis, the point of contact Swil! 
move along this element. From these p p t 
dude, that every tangent plane to a warp d f 1 

cutting plane : secondly, that if we wish pi t 1 1 

■warped surface, we have only to draw it tl ^1 It 

of the surface; and thirdly, that the point of t t fh p t 
in which the element intersects the curve ot mtersection ol this 
plane and the surface. 

§ 231. There are, however, a few cases in which a plane 
through an element of a wai-ped surface is not tangent to it. 
Suppose, for example, that the given surface has a plane- 
direeter, and that the plane through the element were parallel 
to the plane- di re cter ; all the elements being also parallel to 
this plane, the curve k"'k"k'khk'h"h"' would not exist, and the 
plane through the element would not be tangent to the surface. 
We have not heretofore spoken of the manner of representing 



Hosted by 



Google 



warped surfaces on the planes of projection. Thi'V ci-c, like 
other surfaces, generally represented by the projections of 
their elements, and their intersections with one or the other of 
the planes of projeclion. 



To -hvAo a plane tangent to a lajperboloid of revolutiim at a- 
given point of its surface. 

5 232. PI. 3. Fig 1 L ( \ 4 B) L he axis of the surface, 
SDC its intersectio w I 1 1 pi ne, {xaLh, a'V) ihe 

circle of the gorge, a 1 1 1 o z I p ojection of the point 
It which the plane s o be n n I verlical projection 
cannot be taken at pi u e C^ ) b nu be conHtructec!. 

Through v draw DC g n o 1 e 1 rizonla! projection 
of the circle of the go g I n en s 1 e projection of two 
elements, either of wl 1 may pa i o j,h the point of wliich 

V is the horizontal projection, according as the point is above or 
below the circle of the gorge. The two elements make, the 
same angle with the horizontal plane, and piej'ce it at the [winls 
D and C. Projecting the point of tangency L into the vertical 
projection of the circle of the gorge, and the jioints C and I) 
into the ground line at C and D', two points in the vertical pro- 
jection of each element are determined, and their vertical pro- 
jections C'L'D" and D'L'C" can be drawn. Drawing from v 
a perpendicular to the ground line, and noting its intersections 
y and v" with the projections of the elements, wo determine 
the vertical projections of the two points of the surface of which 

V is the horizontal projection ; one point is above the circle o! 
(he gorge and vertically pnijected at v", the other below it and 
vertically projected at V : these points ai-e evidently those in 
which a line perpendicular to the horizontal plan^ at v pierces 
the surface. Let the tangent plane be first drawn at the point 

Through v let the line TvxX be drawn tangent to the nosi- 
zontal projection of the circle of the gorge ; this tangent is the 
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projection of an element of the surface passing through (vy) ; 
and as (v,v') is below the circle of the gorge, it pierces the hori- 
zontal plane at T. The plane containing this element and the 
element (DC, D'C") is tangent to (he surface at the point (v,v') 
(88) : DT is its horizontal trace, and its vertical trace is easily 

§ 233. If it were required to draw a tangent plane to the sur- 
face at the point (v,v") above the circle of the gorge, it would 
only be necessary to determine the plane of the elements of the 
two generations which pass through this point. The element 
(CD, CD") pierces the horizontal plane at C ; and since (v,v") 
is above the circle of the gorge, the element of which TvX 
is the horizontal projection pierces it atX: hence, XC is the 
horizontal trace of a plane tangent to the surface at the point 
(v,v"). 

§ 334. The traces DT and XC of the tangent planes are 
parallel. For, draw Av and produce it in both directions , 
since the chords DvC and TvX make equal angles with the 
diameter passing through their point of intersection, the chords 
joining their extremities are perpendicular to this diameter, and 
consequently are parallel. This is as it should be ; for the 
meridian plane of which vA is the horizontal trace is perpen- 
dicular to both the tangent planes (105) ; and being also per- 
pendicular to the honzontal plane, its trace is perpendicular to 
the traces of the tangent planes. 

§235. Wesee,therefore,thattodiatt aplanetangenttothe sur- 
face of a hj perboloid of revolution, it is only necessary (o deter- 
mine the elements of the two generations passing through this 
point ; the plane of these elements is the tangent plane required. 
Or, find the element of either generation passing through the 
given point, and draw through this element a plane perpen- 
dicular to the meridian plane of the given point ; this plane wili 
be tangent to- the surface. 
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Tb pass a plane through a given rigid line, and tangent to a 
surface of revolution. 

5 236. n. 4. Let the surface be that of the ellipsoid. \^l 
the transverse axis bo perpendicular to the horizontal plane at 
A and A'B, its vertical projection ; let the circle described with 
A as a centre and AE for a radius be the horizontal projection 
of the surface, and the elhpse A'G'E'BR' its vertical projection ; 
and let (CD, C'DO be the given line. 

Suppose tbe line (CD, O'D) to revolve around (A,A'B) as 
an nx[s , it will generate the surface of a hyperboloid of revolu- 
tion of one nappe. The hyperboloid thus generated, and the 
( Ihpsoid having a common axis, a meridian plane of the one 
will be -i meridian plane of the other. Let us suppose, for a 
niomeni, tb^t the plane were drawn through (CD, CD") tangent 
to the surface of the ellipsoid, and that the point of contact were 
know n 

Thiough the point of contact conceive a meridian plane to 
be pihsed, it will be perpendicular to tbe tangent plane (105), 
ind will eut the line (CD, C'D"), which is an element of the 
lij perboloid, in a point. Since the tangent plane to the ellip- 
soid contains an element of the hyperljoloid, it will be tangent 
to the hyperboloid at some point of the element (229). But 
the meridian plane passing through the point of contact on the 
hyperboloid is perpendicular to the tangent plane : hence, the 
meridian plane which passes through the point of contact on 
ihe ellipsoid also contains the point of contact on the hypeibo- 
V)Ld ; therefore the point of contact on the hyperboloid is where 
;liis meridian plane cuts the given line (CD, CD'). This me- 
ridian plane intersects the tangent plane to both surfaces in a 
line tangent to the two meridian curves. Suppose this meridian 
plane to be revolved about the common axis of tbe surfaces til] 
it becomes parallel to the vertical plane of projection : the me- 
ridian curves of the hyperboloid would be projected into the 
II 
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hyperisolas ll'f'dl' m>d/'c'o'; these curves are the same aa the 
sections made by a meridian plane parallel to the vertical plane, 
and may he determined as in Art. 337 ; the meridian section of 
the ellipsoid would be projected into the ellipse A'E'BR', and 
the intersection of the tangent and meridian planes would be 
projected in a line tangent to these curves. But we can con- 
struct these curves without knowing the point of contact. If, 
then, we draw G'H' tangent to the two curves, (H,H') and 
(G,G') are the revolved positions of the points at which the 
■tangent plane touches the two surfaces. But the point (II,H'), 
in its ti'ue position in space, is a point of the line (CD, CD") ; 
in the counter revolution of the meridian plane this point 
describes the arc (HA, H'A') of a horizontal circle, and the 
pomt (k,h'), in which this arc intersects the line (CI), CD'), is 
the point at which the plane is tangent to the hyperboloid. The 
meridian plane Agh contains the point at which the plane is 
tangent to the surface of the hyperboloid, and also the point at 
which it is tangent to the surface of the ellipsoid. The point 
(GjC), in the counter revolution, describes the arc (G^, G'g") 
of a horizontal circle, and the point (g,g^, in which it inter- 
sects the meridian plane Kgh, is the point at which the plane 
through the line (CD, CD') is tangent to the ellipsoid. Through 
the point of contact {g,g') let a line be drawn parallel to the 
line (CD, CD*) : the point m, at which it pierces the horizontal 
plane, is a point of the horizontal trace ; but C is another point ; 
therefore PCmN is the horizontal trace of the tangent plane. 
The line drawn through {g^g") pierces the vertical piano at n 
hence, mPQ is the vertical trace of the tangent plane. 

If we consider the tangent LT, we perceive that it also gives 
a point of contact QJ.') on the surface of the ellipsoid. The 
traces of the plane tangent at this point are found in the same 
manner as were the traces of the tangent plane in the other 
case. "VVe see, therefore, that two planes can be drawn through 
a given line and tangent to a surface of revolution. The figure 
shows the manner in which the hyperbolas in the vertical plane 
ore constructed. 
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7b find Hw intersection of a hyperboloid of revolution of one 
nappe with a given plane; to draw a tangent to the curve, 
and iojind l/ie curve in its oion plane. 

§ 237. PI. 5. Let the horizontal plane be taken perpen- 
dicular to the axis of the surface ; let A be the horizontal pro- 
jection of the axis, and A'B its verlical projection. Let (CD, 
CD') be the generatrix, (cots, c'C) the circle of the gorge, and 
(FE, FG") the cutting plane. 

Through the axis of the surface and perpendicular to the 
cutting plane let a plane be drawn ; the intersection of these 
planes determines the transverse axis of the cunre, and the 
points in which the transverse axis intersects the curve are the 
vertices. The line AE, drawn perpendicular to FE, is the 
horizontal trace of the meridian plane. The line of intersec- 
tion of this plane and the cutting plane (FE, FG") meets the 
axis of the surface at the point in which the axis pierces the 
cutting plane ; that is, at the point (A,A") (43) ; therefore 
AE is the horizontal and E'A" the vertical projection of the 
line of which the transverse axis of the curve forms a part. 

The points in which this axis pierces the surface are next to 
be found. If the line (EAd, E'A"rf') be revolved around the 
axis of the surface, it will generate the surface of a right cone 
with a circular base ; (A, A") is the verlex of this cone, and the 
circle described with A as a centre and radius AE is its inter- 
section with the horizontal plane. But the cone and hyperbo- 
loid, having a common axis, intersect in circles, the planes of 
which are perpendicular to this axis ; and the points in which the 
line (dAE, d'A'f!.') pierces the surface are the points which 
describe these horizontal circles of intersection ; the circles 
therefore contain the vertices of the axis. To find the radii 
of these circles, it will be sufficient to find the two pcunts in 
which any element of the hyperboloid pierces the surface of 
'he cone, since all the elements pierce the surface of the cone 
11* 
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in tb** horizontal circles in which the two surfaces intersect 
Let IS find the points in which the element (CD, CD') pierces 
the surface of the cone. Draw a plane through the element 
(CD, CD') and the vertex of the cone ; this plane will inter- 
sect the surface of the cone in two right-lined elements ; the 
points in which the element of the hyperboloid intersects tliesc 
elements, are points of the horizontal circles. To draw this 
plane. Through the vertex (A3-") of the cone let a line be 
drawn parallel to the element (CD, CD") of the hyperboloid ; 
its projections are parallel to CD and CD', and it pierces the 
horizontal plane at a : hence, NrCL is the horizontal trace of 
a plane containing the element of the hyperboloid and vertex 
of the cone. This plane intersects the cone in two elements, of 
■which the horizontal projections are AL and NA^ ; the points 
r and p, in which these projections intersect CD, the projection 
6f the element of the hyperboloid, are the horizontal projec- 
tions of the two points, one in each of the circles, in which the 
hyperboloid and cone intersect ; and as the circles are horizontal, 
Ar and Ap are the radii of their projections. But as the hori- 
zontal projections of the vertices are in the line Ed as well as 
in the horizontal projections of the circles, they are at q and d, 
the points in which the line Ed intersects the arcs described 
with the centre A and radii Ar and Ap. The vertii;al projec- 
tions of these vertices are at i^'and d', in the vertical projection 
of the line (E(?, E'd'). The vertex (5,5') is bolow the circle of 
the gorge in the lower nappe of The cone, and ihe vertex 
{d/T) is above the circle of the gorge in the upper nappe of 
the cone. 

To find other points of the curve, intersect by horizontal 
planes between the points {d4') und (</,(/0- Such planes will 
intersect the surface of the hyperboloid in horizontal circles, 
and the cutting plane in right lines parallel to its horizontal 
trace ; the intersections of these right lines with the circles 
determine points of the curve. Let h'b' be the vertical trace 
of a horizontal plane ; this plane cuts the element (CD, CD") 
in the point (v,V), and intellects the plane (FE, FG") in a hne 
of which bk, parallel to FE, is the horizontal projection. The 
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larcle descrilied witli the centre A and radius Av is the hori- 
zontal projection of the circle in which the auxiliary plane inter- 
sects the surface of the hyperboloid. The points k and h, in 
which bJt intersects this circle, are the horizontal projections of 
the two points of the curve determined hy the auxiliary plane 
h'b', and h' and k' are the vertical projections of these points. 
The points at which the horizontal projection of the curve is 
tangent to the horizontal projection of the circle of the gorge, 
are found hy using the plane of the circle of the gorge as an 
auxiliary plane ; they are the points o and s, and their vertical 
projections are t/ and s'. Thus, having found any number of 
points, the projections of the curve can be described. 

To draw a tangent Knc to t!m curve at any point, as {h,h'). 
Draw a plane tangent to the surface of the hyperboloid at this 
point (232) ; its intersection with the cutting plane is the tan- 
gent required (130). The line mnG is the liorizontal trace of 
the tangent plane, and {Gh,gh') the tangent line. 

Let [he plane of the curye be now revolved around its ver- 
tical trace FG"; the points of the curve will fall in perpen- 
diculars to this trace drawn through their vertical projections, 
and at distances iVoin the trace equal to the hypotheniises of 
triangtee whose bases are the distances from the vertical pro- 
jections of the points to the trace FG", and whose perpen- 
diculars are equd to the disiances of the horizontal projections 
of t!ie points from the ground line. Having found the jwsitions 
of the points, let the curve q"h"Od"s"kf' be described. The 
langent line takes the position G'k". In making the projections 
of the curve, we have supposed the part of the surface above 
the cutting plane to be removed ; the horizontal projection of 
the curve is therefore made full. In the vertical projection, thai 
part of the curve is made full which lies in front of the meri- 
dian plane nAl. 

5 238. We are next to consider the hyperbolic jjaraboloid, 
and shall begin by examining the manner of representing it on 
the pJanes of projection. If through any element of the sur- 
face a plane be drawn perpendicular to the horizontal plane 
(the surface being consitlered indefinite), the plane will be tan^ 
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gent to the surface at sonits point of this element (2'29) ; the 
line drawn through this point of contact perpendicular to 
the horizontal plane is tangent to the surface, and is therefore 
an element of tlie tangent cjlinder which projects the surface 
on the horizontal piano, Bnt the plane which is tangent to the 
surface is also tangent to the cylinder: hence, its horizontal 
trace is tangent to the base of the cylinder. But the horizontal 
trace of the tangent plane is the horizontal projection of the 
element tlirough which the plane is drawn: hence, the Iiwi- 
zontal ^ojectian of every element of the surface is tangent to 
tile base of the cylinder which projects tJie surface on the kari- 
xontal plane; thai is, tangent to the curve which represents the 
projection of the surface. By similar reasoning it rniiy be 
shown, that the vertical projection of every element of the sur- 
face 13 tangent to the curve which represents the vertical pro- 
jection of the surface. Therefore, if the projections of any 
number of elements he determined, and two curves be drawn 
respectively tangent to all the elements in each projection, these 
curves will represent the two projections of the surface. We 
will now show the easiest method of finding the projections of 
the elements. 

§ 239. PL 6. Let (AB, A-BO and (CD, C'C) be the direct- 
rices of a hyperbolic paraboloid, and (FH, EG) the plane- 
directer. This plane cuts the directrix (AB, A'B') in the point 
(1,1). and the directrix (CD, C'D') in the point (1,[) ; therefore, 
the liiie joining 1 and I in the horizontal plane is the horizontal 
proji'; tlon of an element of the surface, and the line joining ! 
and 1 in the vertical plane is the vertical projection of the same 
element. Let now a plane be drawn parallel to the plaue- 
directer, and at any distance from it : LN and L'N' are the 
traces of such a plane ; it cuts the directrix (AB, A'B") at the 
point (3,2), and the directrix (CI), C'DO in the point (2,2). If 
through these points a line be drawn, it will be an element of 
the surface ; both ils projeclions ai-e made in the figure. If, now, 
a system of planes be drawn parallel to the plane (LN. L'N'), 
and at the same distance , from each other as this plane is from 
the planc-direcler ; first, this system of phinca being purailei 
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tij tiie planc-directer, each plane will cut tlie directrices in two 
(juiiits, and the line joining them will be aii element of the sur- 
I'ace ; secondly, since the planes are equidistant, the parts of 
the same directrix intei-ccpted between any two of them which 
ure adjacent will be equal, and the projections of these equal 
parts are also equal. If, therefore, on AB, the horizontal pro- 
jection of one directrix, the partg from 2 to 3, from 3 to 4, from 
4 to 5, &;c. be each made equal to the part from 1 to 2 ; and 
on CD, the horizontal projection of the other directrix, the parts 
li-oai 3 to 3, from 3 to 4, from 4 to 5, i&i:. be each made equal 
to the part between 1 and 3 ; the lines drawn through the cor- 
responding points are the horizontal projections of elements of 
the surface. The vertical projections of the elements are deter- 
mined either by finding the vei tic il projections of the points I, 
2, 3, 4, &c, in their corre-jpondiiig dii ecti ices, and joining them ; 
or by laying off on A'B' the paits fiom 3 to 3, fiom 3 to 4, 
from 4 to 5, &c. each equal to the part fiom 1 to 2; and on 
CD' the parts from 3 to 3, from 3 to 4, from 4 to 5, &c. each 
equal to the part from 1 to 3: the lines joining corre '■ponding 
points are the vertical projections of elements of the suiface. 
The curve fdcba, drawn tangent to the hotizontai projectiona 
of the elements, is the hoiizontal projection of the surface; 
and the curve g'b'c'd'f, drawn tangent to the veitical pro- 
jections of the elements, is the vertical projection of the 
surface. 

In making the projections of tho elements on cither plane, 
the parts which are seen are made ^uli, and (he concealed parts 
dotted. With respect to the hoiizontal projection, it is evident 
that the part of each element which lies below the point at 
-jvhich the element touches the projecting cylinder, or at which 
tlie projecting piane of the element is tangent to the surface, is 
i;oncealed, and the part which lies above this point is seen. 
Tiierefore, the horizontal projection of the element passing- 
through 3 and 3 is made full from a, the element through 4 and 
4 fnim tiie point at which it touches the curve, the element 7 
an<l 7 from c, &.c. With respect to the vertical projection, the 
part of each element which is in front of tho point at which it 
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toucjies the cylinder that projects the surface on the vertical 
plane is made full, and the part which is behind this point is 
dotted. Thus, the element passing through 3 and 3 is dotted to 
§■', the element passing tlirough 4 and 4 is dotted to b', &c 
The directrices in cither projection are seen when the elements 
which touch them arc seen ; but as they are important lines in 
the construction, they have been made full. The horizontal 
trace of the plane-directer, excepting the part ¥b, is concealed 
by the surface, and is therefore made broken ; the vertical 
trace is also concealed by the surface, excepting the part 5G. 
It is easy to find the intersection of this surface with a given 
plane, since the points in which the elements pierce the plane 
are points of the curve. The horizontal plane of projection 
intersects the siirface in the curve ponml : the element passing 
through the points (5,5) and (5,5) pierces it at I, the element 
through (6,6) and (6,6) at m, and similarly for the other 
points. 



Tbdraw a plane tangent to a hyperbolic paraboloid at a gicen 
point of the surface. 

§ 240. n. 7. Let (Gil, G'H') be the plane-dircctcr, (AB.A'B-) 
and (CD, CD') the directrices, and a the jiorizontal projection 
of the point at which the tangent plane is to be drawn. 

The vertical projection of the point cannot be taken at plea- 
sure, but must be found by construction (93). The plane- 
directer cuts the directrix (AB, A'B') in tlie point (1,1), and the 
directrix (CD, CT)") in the point (1,1), Let any plane, as 
(EF, ET"), be drawn paralie! to the plaiie-ciirccter ; it cuts the 
directrix (AB, A'B') in the point (2,2), and the directrix 
(CD, CD') in the point (2,2). By laying off the projections of 
the parts of file directrices intercepted between these two 
planes, and drawing lines through the corresponding points, 
we determine the projections of any number of elements. 

At the point ffl conceive a line to be drawn perpendicular to 
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the horizontal ])kiie ; the point in which this perpendicular 
pierces the surface is the only point of the surface which is 
horizontally projected at a. Draw through this perpendicular 
the vertical plane (cab, bU) ; this plane intersects the surface in 
a curve ; the point in which the perpendicular meets this curve 
is the point in which it pierces the surface. This plasie culs 
tlie element drawn thixiugh (3^) and (2,9) at the point {>i,d'), 
it cuts the element drawn through (3,3) and (3,3) at the point 
(/",/'■'), the element drawn through (7,7) and (7,7) at the point 
(e,e'), and the element drawn through (9,9) and (9,9) at tlie 
point {cfi") ; thus d'f'e'a'c' is the vertical projection of the 
curve in which the vertical plane (ccd), bb') intersects the sur- 
face, and the point a', in which this curve intersects the per- 
pendicular to the ground line through a, is the vertical projec- 
tion of that point of the surface which is horizontally projected 
at a. Having found the point (afi'), if we draw through it an 
element of the first generation, it will oe a line of the tangent 
plane (89) ; and if we draw through the point («,«') an element 
of the second generation, it will also be a line of the tangent 
plane (89) : hence, the plane of these elements is the tangent 
plane required. To find the element of the first generation 
passing through the point («,«"). Let a plane be drawn through 
this point parallel to the plane-direcler, the point in which it cuts 
either of the directrices being joined with the point {a,a') deter- 
mines the element sought. Draw in the plane-directer, and 
through the same point, any two lines, as {fg^fg') and {fji,f'h'), 
and as two lines determino a plane, a pJane drawn through 
(«,fl') parallel to {fgj'g') aud (fh,flt') wilt be parallel to the 
plane-directer. Drawing (oi, a'i') parallel to {fg,fg^, its pro- 
jections are parallel, and it pierces the plane which projects the 
directrix (CD, CD') on the horizontal plane in the point (i,?). 
Drawing (at, a't) parallel to (f/t,fli'), this parallel pierces the 
plane which projects the directrix (CD, C'D ) on the horizontal 
plane at the point (t,t'). But the finas («?', a'i') and (at, a't') 
determine a plane passing through (ffid") parallel to the pkne- 
directer, and i't' is the vertical projection of its intersection with 
tl)e plane which projects (CD, CD'} on the horizonta! plane : 
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tieiice, K is the vcrlieal projection of the point in whicii it cuts 
the direolrix {CD, CD'),, and w is tlie horizontal projection of 
ihe same point. Therefore, (an, a'n') is the element of tlie first 
fjencralion passing through tlie point (a,a'), and the point L, in 
which it jjiorcea the vertical plane, is one point of the vertical 
trace of the required tangent plane. 

To find the element of the second generation passing through 
(«,£('). The plane-dh-ecter of the second generation is parallel 
to the directrices of the first generation (233). Therefore, if 
we draw through («,«') a plane parallel to the directrices (AB 
A'B') and (CD, CD'), and determine the point in which it cuta 
any element of the first generation, regarded as a directrix of 
the second generation, this point heing joined witii («,«') deter 
mines the requiiyd element of the second generation. Take 
the element passing through (8,8) and (8,8) for one of the di- 
rectrices of the second generation, and draw through (a,a') the 
lines (aq, a'q') and (ap, a'f') respectively parallel to the dii-ec 
trices of the first generation ; they determine a plane parallel 
to the plane-directer of the second generation (223), This plane 
intersects the plane which projects tlie directrix (88, 88) on the 
horizontal plane in a line of which jt'q' is the vertical projection ; 
the point s', in which p'q' intersects 88, is the vertical projection, 
and s is the horizontal projection of the point in which the plane 
passed through («,«'), parallel to the plane-directer of the second 
genei-ation, cuts the directiix (88, 88) of the second generation : 
hence, (as, a's') is the element of the second generation passing 
through the point (a,a'). Having thus determined a second line 
of the tangent plane, a second point of its vertical trace is easily 
found, and the v-eriical trace LN can be drawn. The horizontal 
trace docs not fall on tlie paper, but may be considered as found, 
f'lnce two lines of the plane are known. 
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If ttcovMrped swr/aces.M and N,have the same plaiie-direvur, 
an elemertt E common, and two tangent planes also common, 
their points of contact m and m' being on the element E, tlw 
surfaces mil be tangent to each other throughout this element. 

5 241, For, conceive any two secant planes 1' and V to be 
(Ira.wn through the points of contact m, and m'. Tiiese planes 
intersect the surface M in the curvesd and d', and the surface N in 
the curves/and/'. Since the surfaces are tangent to each other 
at the point m (85), the plane P intersects the tangent plane at 
this point in a hne tangent to the curves d and_f ; consequently, 
these curves are tangent to each other at the point m. For 
sintiilar reasons the curves d and_/''are tangent to each other 
at the point m'. If, now, we take the two curves d and d' for 
directrices, and the common plane -directer for a plane-directer, 
the elements of the surface M which pass through the conse- 
cutive points of taiigeiicy of the curves d and^ and d'andy are 
consecutive and belong also to the surface N, If any secant 
plane be drawn through a point of the element E, it will inter- 
sect the consecutive elements in consecutive points, and the 
curve of the surface M and the curve of the surface N will be 
tangent lo ench Other, since they have two consecutive points 
common. Hence the surfaces themselves are tangent through- 
out the element E. 



Any (too warped surfaces M and N Itamng an element E com- 
mon and three common tangent planes, their points of contact 
m, m', m", being on ike element E, are tangent to each other 
throug/iout this element. 

§ 243, The demonstration of this theorem is very analogous 
to the preceding. Through the three points of contact m, m\ 
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and m" conceive three secant planes to be pat/ i ■ ,et ot, tf , 
and d" be the curves in which they intersect the tjrface M, 
and f, f, and /" the curves in which they intersect iho sur- 
face N, 

Since the surfaces are tangent to each other at the tlirea 
points m, m', andm", it is evident that the curves d and/, d' sm\ 
f, and d" and /" are tangent to each other at the same points. 
Let the generatrix of the surface M move on the three corves 
d, (2', and d" as directrices; when indefinitely near the element 
E, it will pass through the consecutive points of tangcncy of the 
curves d and/, d' and/', and d" and/", and in this position it 
is consecutive with the element E : hence, the two surfaces 
have two consecutive elements common about the element E ; 
therefore, the surfaces are tangent to each other along this ele- 
ment : for, if the surfaces be intersected by a phne through 
any point of the element E, the sections made in the Eurfuees 
will be tangent to each other. 



A umrped surface vjJwsegeneratiix is parallel to a plane-direcler 
being given, it is required to draw a tangent plant at a given 
point of this surface. 

5 243. Pi. 8. Take the vertical plane of [trojection for the 
pinne-dii-celer ; let the curves {ahcf, a'b'c'f) and (ghjm, g'h'm'j') 
be the directrices, and M the horizontal projection of the point 
at which the plane is to be tangent. 1 he vertical projection 
of tills point must be determined by construction. Draw a 
series of planes ag, hli, cj, &c. parallel to the vertical plane of 
projection ; they cut the directrices in the points {a,a ), (6,&'), 
'.c,d), &c,, and (^^, (Ji,h'), {j,f), &c. ; the right lines joining 
these points are elements of the surface. Having thus deter- 
mined aa many elements as ai'e necessary, draw through the 
point M the vertical plane nMS ; this plane cuts the elements 
before found in the points (n,n'), (o,o'), (q/f), {i,i'), {s,s% and the 
■iLirve drawn through these poinis is the curve in which the 
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plane intersects the surface. The point of which M is the 
honzontal projection being a point of the surface and of the 
secant plane nMS, is a point of the curve of intersection : hence, 
it is verlicaliy projected in the curve S'i'q'o'n' ; it is also verti- 
cally projected in a perpendicular to the ground line through 
M; therefore, M' is the verlical projection of the point. 
Knowing the point of contact (MiM"), let a plane be drawn 
through it parallel to the vertical plane of projection ; this plane 
cuts the directrices in the points (A,A') and (B.BX and the line 
(AB, A'B'), drawn through these points, is an elenient of the 
surface, and consequently a line of the required tangent plane. 
Now, of all the planes vi'liich can be drawn through (AB, A'B'), 
it is required to find the one which shall be tangent to the sur- 
face at the point M. To do this, let us use an auxiliary sur- 
face, the hyperbolic pai-aboloid. Through the points (AiAT 
and {B,B') draw the right lines (AC, A'C) and (BD, B'D,' 
respectively tangent to the directrices (abf, a'b'f) and 
{ghm, g'h'm'), and let us suppose a ngiit line to move upon these 
tangents, continuing parjllei to the vertical plane of projection ; 
it is evident that it will generate the surface of a hyperbolic 
paraboloid containing the element (AB, A'B') ; the hyperbolit 
paraboloid is tangent to the warped, surface along the element 
(AB, A'B"). For, if througli the tangent (AC, A'C) and the 
element (AB, A'B') a plane be drawn, it will be tangent to both 
surfaces at the point (A,A') ; and if through the tangent 
(BD,B'D') and the element (AB, A'B') a plane be drawn, this 
plane will also be tangent to both surfaces at the point (B,B'). 
Kence, the surfaces are tangent to each other along the element 
(AB, A'B") (241). If, now, a plane be drawn tangent to the 
hyperbolic paraboloid at the point (M,M'), this plane will also 
be tangent to the given surface, and consequently be the plane 
required. 

§ 344. The vertical plane liaving been taken for the phine- 
dirccter, it was not necessary to construct the curve (noS, n'o'H") 
in order to find the vertical projection of the point (M,M') ; 
for, the point M being given, the plane AB, which contains the 
clement of the surface in which the point (M,M') is found. Is 
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detcrminec!, and projecting the points A and B into the verti- 
cal projections of the directrices determines A'B', the vertical 
projection of the element; the point M' is therefore known. 
It would not he thus if the plane-directer were not parallel to 
the vertical plane of projection ; we should then have to use 
the first meihod to determine the vertical projection of the 
element. 
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